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Abstract

For the sake of further and better understanding of QFT, an internship launched in
Hunan University, focusing on Chiral Perturbation Theory in order to calculate the scattering
amplitude for processes. Herein, there are brief reviews of Peskin’s “An Introduction to
Quantum Field Theory”, as well as Stefan Scherer and Matthias R. Schindler’s “A Primer
for Chiral Perturbation Theory”. Then taken as the practice, two procedures w — 7y
and e”e™ — 7711 were treated by ChPT, for the scattering amplitude and form factors,
respectively. Later, we are eager to figure out the state mixing for the second process.
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Part 1
QFT - Peskin

Ref: “An Introduction to Quantum Field Theory” of Peskin

1 Fields and propagators

1.1 K-G propagators

In the Heisenberg picture, the amplitude for a particule to propagate from y to x is (0|¢(x)d(y)[0);
we call this quantity D(z — y).

D(z —y) = (0o(x)9(y)|0)

Quantization of K-G field shown below:

d? 1 , ,
P(x) = / (273;3 N (ape™™ + ale ™) (2.25)
¢(x) = o(x,t) = eM'p(x)e (2.43)
_ d3p 1 ~ —ip-x ~t _+ip-x
P, t) = / (27)? \/2E, (e e ™) =, 247

Notice af,e™> in eq. 2.25 but af,e™”* in 2.47,

D(z ~ 3) = (06(2)6()10) = Olapaljo) = | (;ﬂj;%m

Dg(z —y) is a Green’s function of the K-G operator. Since it vanishes for z° < ¢°, it is the
retarded Green’s function.

= 0 spacelike

(0/[6(x), 6] 0) = D(& =) = Dly — ) { 20 thadike

0l ot 0w 0) = | s (e — e
’ (2m)3 2E,
3
:/ d’p 1 e~ (z—y) + 1 e~ (z—y)
(2m)® | +2E, wip,  —2Ep R

2>y /ﬂ/d_po —1 o~ (z=y)
(2m)3 ) 2mip? —m?

Dalz —y) = 0(=" —5°)(0] [6(x), 6(»)] [0)




where 0(x° — %) is Heaviside function, whose derivative is Dirac function (distribution). By
Fourier transform, we have:

(0% + m*)Dg(z —y) = —idW(z —y) = (—=p* +m?*)Dg(p) = —i
Dr(z —y) = 0(z° — 4°)(0| [¢(z), d(y)] |0) = /%pZ _Z — G

In order to avoid the singularity, we add +ie on the denominator, obtaining Dg(x — y), which
is a Green’s function of the K-G operator. The Green’s function Dp(z —y) is called the Feynman
propagator for a K-G particles.

d*p i ,
— = -t ~(CC— )
Drle—y) = / (2m)4p?2 —m? + i o

B D(z—vy) foraz®>4°
Drle—y) = { D(y —z) for2®<y°

= 0(2" = y")(0[6(2)$(1)0) + 0(y" — 2°){0lé(y)$(2)|0)
= (01Tp(x)¢(y)|0)

"time-ordering” symbol T, instructs us to place the operators in order w/ the latest to the left.

1.2 Perturbation Expansion of Correlation Functions

e |0), ground state of the free theorys;
e |Q2), ground state of the interacting theory;
o (QT¢(x)p(y)|R2), two-point correlation function/ two-point Green’s functions.

In the Heisenberg picture/field
o) = et (T)e " (4.13)

Olt, 7) = M) g 1y, 7))

Hamiltonian of ¢* theory

A
H=Hy+ H;; = Hx_¢ + /dgxa 4(:1?) (412)
for A =0, H becomes H,
O(t, )| = €T (to, B)eTUT) = ¢ (¢, 7) (4.14)

when A small, this expression will still give the most important part of the time dependence of
¢(x), then ¢;(t, ¥) called the interaction picture field.

3 1 : ,
or(t,T) = / P (ape™ ™" + alet™™) (4.15)

(2m)3 \/2E,

20=t—tg



* First, express ¢ by ¢r.
Qb(t, CC_") — €+iH(t_tO)¢(t07 {f)e_iH(t_tO)
~ 6+iH(t—t0)€—iH0(t—t0)¢ (t .',U) +iHo(t—to) —ZH(t to) (416)
= U'(t,to)or(t, B)U (1, ty)
where U(t, ) is the interaction picture propagator time-evolution operator:

Ult,ty) = e tiHo(t—to) ,—iH (t—to)

UT(t t ) +zH(t to)e—iHo(t—to) (4‘17)
* Then calculate the derivative of U(t,tg) to derive it from ¢;
6 ,
—U(t. t —HHQ(t to) H — H, —iH (t—to)
Yo (t,t0) = ( 0)e
_ [e+iHo(t—to)(Hint)e—iHo(t—to)} _ [e-i-iHo(t—to)e—iH(t—to)} (4.18)
= H;(t) - Ul(t,to)
H/(t) is Hamiltonian for interaction, as a function of ¢;:
H(t) = eﬂHO(tftO)(Hint)efiHO(tftO) = /d337 </5I (4.20)
Note we could not integrate eq. 4.18 directly, expanding that with series instead,
t
U(t,to) — 1 ‘|‘( )/ dtlH[ tl / dtl/ dtQH] tl H[(tg)
/ dt, / ity / it Hy (1) Hy (1) (1) +
(4.22)
=1+ ( ) / dtlH[<t1 dtl dtQT {H[ tl)H[<t2)} + -
to

=1 {oxp | -i / ()] }

* Next derive |Q2) (ground state of the interacting theory) from |0)(ground state of the free
theory). Suppose (2|0) # 0, E, is eigenvalues of H, Ey = (QH|Q)

71HT |O Ze iE,T |n n|0>

e T (0) = e T Q) (Q0) + Y e T [n) (n|0) ~ e Q) (0f0)
n;ﬁO

1) = hm e T (Q]0)) e*iHT|0>

T—o00(1—1€)

| | (4.28)
= lim e tFolto— T) Q’()>) ! o—iH(to—(=T)) ,~iHo(~T~to) 0)
T—00(1—1€)

"U(to, ~T) |0)

= lim
T—oo(1—1€)

L

~ lim (eszo (T+to) Q|O>) efiH(Ttho) ’0>
(
(

e—on to—(=T)) Q|O>)



Notice there is an approximation 7"+ ¢y ~ T on the second row. Since ]:]0|0> = 0, we add
e~ "Ho(=T=%) in the third row. Similarly, we could write (£

Q= lim (0|U(T,ty) (e FoT) (02))

T—o0(1—1€)

- (4.29)

According to normalization, (Q|Q2) = [|<O|Q)|2 e~tFo@D)] <0|U(T to)U(to, —7)|0) = 1. Finally,
we could get (Q|o(z)o(y)|€2)

QU@ = Tim (7T (0]0)) O[T, 1) x U, 10)]" dr(2)U (2, 1)

T—s00(1—i€) X (4.30)
X [U(?Jo,to)w or(y)U (Y0, to) x Ulte, =T) (e~ =T (0)0))
O a0 U6, ), D)0
Qoo = tm )

C m <O ‘T {¢1($)¢I(y) exp [—i f_TT dtHI(t)} H 0> (4.31)
T—00(1—ie) <0 ‘T {exp [—2’ f_TT dtH](t)] }‘ ()>

1.3 Wick’s Theorem

Now divide the interaction term into two parts, ¢} (z) with generation operator and ¢; (x) with
annihilation operator.

d? 1 . a3 1 )
o1(z) = ¢f (z) + ¢ (z) = /(QTP;S\/Q—TP&I)Q—Z;?.J; i / # \/E&Leﬂp-x (4.32)

Obviously, ¢7|0) = 0, as well as (0|¢~ = 0. Consider two fields under time-ordering symbol T

T {61()d1(y)} === 6" (2)6* (y) + {6 (2)¢~ }+¢— ot (y) + ¢~ (2)¢ (y)
= ¢t ()6 (y) + {¢ () ( > W( )]} + ¢~ (@)dT (y) + ¢~ (2)d™ (y)

Define the contraction of two fields, it just equals to Feynman propagator

— {[¢+<w>,¢-<y>] 20>y

o(x)d(y) = 60 (@)] 1<y = Dr(z —y)

Define the normal-ordering symbol NN (dde&q) = &Ldp&q. Note any initial or final state
treated by such a result would vanish! Therefore, we find the relation between time-ordering
symbol T" and contractions, which is Wick’s Theorem.

T{p(x1)p(xa) -+ p(x)} = N{p(x1)p(x2) - - - ¢(2,,,) + all possible contractions}
Consider four fields under time-ordering symbol for example:
<0|T {¢1¢2¢3¢4} |O> = DF($1 —$2)DF($3 —5154) JFDF($1 —!E3)DF($2 —$4) +DF($1 —$4)DF($2 —IES)

As for ¢* theory, we have to introduct four ¢ in one-order perturbation. According to the
fundamentals of permutation, the number of fully contracted terms is equal to (4 + 1)!! = 15,
(8 4+ 1! =945, (12 + 1)!! = 135135 for order 1, 2, 3 respectively.



1.4 Dirac propagators

Review Dirac fields and related equation

Y wp)u(p)=v-p+m=p+m

Y vp)etp)=y-p-m=p-m

s

Here is Quantization of the Dirac field

1;("[) = /(26137233\/2;?[) ZS: <[A);’Us(p)e_ip'$ + dspTﬂS(p)e—f—ip.m)

Propagation amplitude of Dirac field:

- d? 1 .
(O[ba(x)1bn(y)]0) :/(2;;3@ > "l (p)uy(p)e 7Y
Bp 1 .
e f L v

O30 = [ Gz S e

dBp 1 _.
— (s v - —ip(y—)
(id, + m)ab/ 2n)? 2Ep€

Define Retarded Green’s function:
Si (@ —y) = 0(2° = y*){0] {¥a(2),¥(y) } |0)
It’s easy to validate that
Sr(r —y) = (ids + m)Dr(z —y) = (i +m)0(x® —y°){0] [6(x)d(y)] 0)
Sk is a Green’s function of the Dirac operator

(idy — m)Sg(r —y) = i5(4)(x —y) - Lyna

d* 4 .
i(5(4)(x —y) = / 2;;4 (p — m)eﬂp'(””*y)SR(p)

~ i i(pt+m)
p_m* p2—m2

—~

(3.66)

(3.67)

(3.99)

(3.100)

(3.114)

(3.115)

(3.116)

(3.117)

(3.118)

(3.119)

(3.120)



Also, we add ie again.

Sl —g) = /(d4p i(p +m) eip.<xy>:{+<0|w<x>i<y>|o> A

2m)4 p? —m? +ie

Next, apply time-ordering symbol on Dirac fields:

T [0(x)b(v)] = {fzgyiwéyi o

Sr(z —y) = (0T [¥(2)¥(y)] |0) (4.106)
Note that we should multiply —1. For example, if 23 > 29 > 29 > 23, we change positions three
times (1,2)(1,3)(3.4) -

(4.105)

T (Y19atpsths) = (—1)*Phgthribahs

Similar property for normal-ordering symbol N

N(apaqal) = (—1)%alapaq = (—1)3alaqa,
Define contraction, where ) = 11
T [6@)iy)] = N [6@)d)] + v@)b) (4.107)
e RN £ o Nl ) SR
Y()(y) = {_ [T o) <y Sp(r —y) (4.108)
W(g) = 1/7('7)1|E(y) =0 (4.109)

Define contractions under the normal-ordering symbol N, to include minus signs for operator
interchanges:

1 _ 1 _ _
N(19o31hy) = =103 N (Vo1hy) = —Sp(x1 — 23) N (¥21)4)

With these conventions, Wick’s Theorem takes the same form as before:

T (10913 -+ ) = N(¢19g1)5 - - - + all possible contractions)

2 Feynman rules

2.1 Notions

2.1.1 Cross section o, Decay rate I'

Rappel: the generalization to higher correlation functions

4.57
with n external points ( )

(QUT [p(x1) - ¢(2n)] [2) = (

sum of all connected diagrams)



Cross section o is just the total number of events divided by all of these quantities, which has

units of area. )
Number of scattering events

(4.59)

o
Number of partcules

To get the momenta of final-state particles, we have to specify the exact momenta desired, making
o infinitesimal. Define differential cross section do/(d®p; - - - dp,,), or do/dS) as usual, where  is
volume element of momenta space.

The decay rate I' of an unstable particle into a specified final state is defined as

Number of decays per unit time

= (4.62)

Number of the particule chosen
In nonrelativistic quantum mechanics, an unstable atomic state show up in scattering experiments
as a resonance. Near the resonance energy FEj, the scattering amplitude is given by the Breit-

Wigner formula:
1

E 4.63
NE) x = F 57 (463)
therefore the cross section has a peak of the form
1
e
(B — Ey)?+17?/4
The width of the resonance peak is equal to the decay rate of the unstable state.
In relativistic quantum mechanics, we have
1 1
(4.64)

P2 —m2+iml "~ 2E, [1° — Ep + i(m/Ey)T/2]

the decay rate of the unstable particle in a general fram is (m/E,)T.

2.1.2 S-matrix M
Consider a process from two particles to more

0ut<p1p2 s ‘kAkB>in = ’_Zli—1;20<p1p2 s | kAkB>
T -T (4.70)
. —iH (2T
= lim (pipy - [e7"* Kk k)

The in and out states are related by the limit of a sequence of unitary operators. This limiting
unitary operator is called the S-matrix. S = 1 + 7T, T-matrix contains interactions.

0ut<p1p2 s |kAkB>in = <P1P2 ce |S| kAkB> (4'71)

Note that the matrix elements of S should reflect 4-momentum conservation. Therefore, S or T
should always contain a factor 6 (k4 + ks — >_ps). Define the invariant matrix element M,
namely scattering amplitude, M, = (out|in) = (final|initial)

(P12 |iT|kakp) = 1) 6D (ka+ ks — > py) - iM(ka ks — py) (4.73)

Note of course all 4-momenta are on mass-shell: p° = E,, k* = Ey




on/off-shellhttps: //en.wikipedia.org/wiki/On_shell_and _off shell

In physics, particularly in quantum field theory, configurations of a physical system
that satisfy classical equations of motion are called on the mass shell or simply more
often on shell, satisfying E2 — |p]° = m?; while those that do not are called off the mass
shell, or off shell.

Virtual particles corresponding to internal propagators in a Feynman diagram are
in general allowed to be off shell, but the amplitude for the process will diminish
depending on how far off shell they are. This is because the ¢?-dependence of the
propagator is determined by the 4-momenta of the incoming and outgoing particles.
The propagator typically has singularities on the mass shell.

M could be derived from T-matrix or S-matrix.

d? 1
P(AB —12---n) = <H (27279;32_ch> lout (P1+** Puléadn) |’ (4.74)
!
1 d3pf 1
do = _
 T2E2Es [va — vs] (1;1 (2m)? 2Ef) (4.79)

X |M(pa,ps = {prH)I? 2m) ' 6@ (pa+ps — > py)

do 1 |p1| )
9 N 4.84
(dQ>CM 2EA2EB‘U_A_UB‘ <2W)24Ecm |M(pA7pB _>p17p2)| ( )

o :/|M]2d§2

The definition of I' assumes that the decaying particle is at rest, so the normalization factor
(2E4)! becomes (2m 4)~*. Thus the decay rate formula

" <1;[ é?fs 2;f> [(M(ma = {phI” 2m) '8 (pa =Y _py) (4.86)

with proof in section 7.3.

r= oS d[]IMep— NP (7.6
f f

2.1.3 Why Trace

Here is a brief summary about why we have to calculate Trace of matrices while applying Feynman
rules on M. Take Dirac fields as an example

- (%)

(3.50)



with the corresponding conjugate transposition
uf(p) = (Mo, (Vb o)
and one scalar obtained by inner product
utu = (¢Hp, UW)-( v ) = (WITT VI aC (VBB VBB = 20,(TC (3.55)
Change the order of multiplication above. Note that for the same spin ¢¢f = 1.

(VN ot s ity (VI CVETE VBT CVEE
wt= (st ) v evim) = (Vi s Ve (s )

_ ( VP O\P G D a\D"
the trace just equals to the previous inner product.

VP o\p-0 \p-a\p-
) = v (VT IO

Qi

QI

Qi

)Z\/p-a\/p~0+\/p-0\/p~0=uw

Qi

VP o\D-0 \p-0\D-

Moreover, take an instance of Peskin on page 132, e"e™ — u~pu*

iMle™(p)e™ (p') = p~ (k)u™ (k)] = iq% [0 ) ulp)] [a(k)y o (k)] (5.1)
M? = % [0 )Y ulp)a(p)y"v(@)] [w(k) v (k)oK ) yu(k)] (5.2)
Z“ =ptm > v (p)vi(p) =p—m (5.3)

> 0 (v () )y () = (1 = m)aayly (@ + M)ty = Tr [(f = m)y"(p + m)”]
Column vectors: u,v, row vectors by adding bar; gamma: Dirac matrices; abcd indexes for
multiplication. We just saw the second = above; pay attention to the first =, suppose A =

o8 (P )V us (p)as ()i (1)

[l )] - 2 Wt )a s ) [ 00 = [ e)] - A )]
—A- [ )] [uen] = a

v (0 )yus (0)E(p)vigvs () = (F — m) aa ey (B + M7y

/



2.2 Magnetic vector potential & QED Feynman rules

Now we are ready to step from Yukawa theory to QED. To do this, we replace the scalar particle
¢ with a vector particle A,, and replace the Yukawa interaction Hamiltonian with

Hin = /dee@fy“w%
with Feynman rules:

—iGuv
q2+ie

New vertex: —iey* Photon propagator: External photon lines: €,(p) or €;(p)

Photons are conventionally drawn as wavy lines! The symbol €,(p) stand for the polarization
vector of the initial- of final-state photon. To justify these rules, recall that in Lorentz gauge
the field eq. for A, is %<7, = 0, Thus each component of A separately obeys the Klein-Gordon
eq. (w/ m = 0). The momentum-space solutions of this equation are €,(p)e”?* where p* = 0
and €,(p) is any 4-vector. The interpretation of € as the polarization vector of the field should
be familiar from classical electromagnetism. If we expand the quantized electromagnetic field in
terms of classical solutions of the wave equation, as we did for the Klein-Gordon field, we find

d3 1 ’ —ip-x rt _r* ipT
Jafu(m):/(%:;g\/ﬁz:(a;ez(p)e P +apT6# (p)e™™) (4.131)

P r=0

where r = 0,1, 2, 3 labels a basis of polarization vectors. The external line factors in the Feynman
rules above follow immediately from this expansion, just as we obtained u’s and v’s as the external
line factors for Dirac particles. The only subtlety is that we must restrict initial- and final-state
photons to be transversely polarized: Their polarization vectors are always of the form e* = (0, €),
where p - € = 0. For p along the z-axis, the right- and left-handed polarization vectors are

et = (0,1,+4,0)/v2.

Define Mandelstam variables for 2-body — 2-body processes

s = (pa+m)? t = (pa — pe)® u = (pa — pa)’

According to 4-momenta conservation, s +t +u = p2 + p? + p> + p3. In general,
4
s+t+u= Z m?
i=1

2.3 Photon polarization vector

Ref: Peskin page 159, 5.5 Compton Scattering, Photon Polarization Sums

> e = —gw (5.75)

polarizations

This arrow indicates that this is not an actual equality. Nevertheless, the replacement is valide as
long as both sides are dotted into the rest of the expression for a QED amplitude M.
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To derive this formula, let’s consider an arbitrary QED process involving an external photon
with momentum k: iM(k) = iM*(k)e (k). Since the amplitude always contains € (k), we have
extracted this factor and defined M*(k) to be the rest of the amplitude M. The cross section
will be proportional to

ST e ME)* =3 ehe, M (R) M (k)

€ €

For simplicity, we orient k in the 3-direction: k* = (k, 0,0, k). Then the two transverse polarization
vectors, over which we are summing, can be chosen be

elf = (07 L, 070) Eg = (Oa 0, 170)

With these conventions, we have

2

€

(k) ME(R)[* = | MM E)|* + | M2 (k)

|2

(5.77)

~ Now recall that external photons are created by the interaction term [ d*zej" A, where j* =
y#1) is the Dirac vector current. Therefore, we expect M*(k) to be given by a matrix element
of the Heisenberg field j*:

M- (k) = /d4xeik'”(ﬁnal states|j* (x)|initial states) (5.78)

where the initial and final states include all particles except the photon in question. ... the current
J* is conserved: 0,j"(x) = 0. Provided that this property still holds in the quantum theory, we
can dot k, into (5.78) to obtain

k, MH(k) =0 (5.79)

The amplitude M vanishes when the polarization vector €, (k) is replaced by k,. This famous
relation is know as the Ward identity. For k* = (k, 0,0, k), the Ward identity takes the form:

EMO(k) — kM? (k) =0 (5.80)
Thus M° = M3, and we have

> e MH(R)M (k) = M + |M?)?
— |M1|2 4 |M2|2 4 |M3|2 o |M0|2
= —guM" (k)M (k)

That is, we may sum over external photon polarizations by replacing > €, With — g,

11



3 Renormalization

3.1 Path Integral

In a given time (7'), one particle travels from z, to x, we call this amplitude U(z,, xp; T), given
by in the canonical Hamiltonian formalism

U(zg,zp;T) = <xb |e_iHT/h‘ xa> (9.1)

There would be infinite paths between two points, we might therefore write the total amplitude

U(za,xp; T Z ¢! (phase) /Dx i-(phase) (9.2)

all paths

To be democratic, we have written the amplitude for each particular path as a pure phase, so that
no path is inherently more important than any other. [ Dz(t) is simply another way of writing
“sum over all paths”. Combine two formulas and the propagation amplitude is thus

<$b }e‘iHT/h| :va> =Ul(xg, zp; T /D:v eSle®l/n (9.3)

S the discretized path, denoted by k as intermediate points
T m m (Tpy1 — xx)? Tht1 + Tk
= dt (_ R Ve > ATkl k) TRl TR
S /0 5 (z)) — ; [ 5 - eV 5

We then define the path integral by (C(€) = /22 is constant)

/ Pt = 1 / gfel)/ g?:)/ dg‘](ve_)1 - Cte)g / Z g?(::) (94)

3.1.1 Functional Quantization of Scalar Fields

H = / i EW? F VP + V<¢>]

(60(x) |77 | () = /ngm exp [z /OT d'z (w — %7# — %(ng)Q — V(gb))]

where the functions ¢(x) over which we integrate are constrained to the specific configurations
2% = 0,2° = T. Evaluate the D integral to obtain

() o)) = [ Doy i | ) o] (914)

where £ = (9,0)%/2 — V().

—-1/2

/Dgzﬁeiso = constant x [det(m” + 97)] (9.25)
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3.2 Effective Action

Ref: Peskin Chapitre 11, The Effective Action as a Generating Functional

Z [J] is the generating functional of correlation functions, with respect to J(z) produce the
correlation functions of the scalar field (see eq 9.35). ... suppose E [J] = ilog(Z [J]), according to
eq. 11.44

a%ﬁgéy:‘%/Daﬂwﬂww@ww+éz/pmﬂwﬂww@3/D@ﬂ““wﬂw
= —i[(#(x)8(y)) — (6(2)) (B(y))]
(11.82)
ou) = d’p o~ (@=Y) [
D(z,y) /<27T)2 D(p) (11.91)

We showed in eq 7.43 that momentum space propagator D(p) is a geometric series in one-particle-
irreducible Feynman diagrams. The Fourier transform of D~!(z,y) then gives the inverse propa-

gator: 3
D7Y(p) = —i [p* = m* — M*(p?)] (11.92)

where M?(p?) is the sum of one-particle-irreducible two-point diagrams.

4 Non-Abelian gauge theory

Ref: Peskin Chapitre 15

4.1 The Geometry of Gauge Invariance

Consider complex-valued Dirac fields 1(x), and stipulate that our theory should be invariant under
the transformation where «(z) could take any value.

P(r) — em(z)g/)(x) (15.1)

Obviously, miyn) keeps invariant as a scalar, permitted by global symmetry, and the local invariance
gives no further restriction. The derivative of ¥(z) in the direction of the vector n” is defined by
the limiting procedure

0,0 = lim = [z + en) — ()] (15.2)

However, such a definition could not be applied in a theory with local phase invariance. Define a
scalar quantity U(y, z) that depends on the two points and has the transformation law

Uy, x) = WU (y, x)e @) (15.3)

At zero separation, we set U(y,y) = 1 and U(y, x) = exp [i¢(y, z)], so that (y) and U(y, z)y(x)
have the same transformation law. Define covariant derivative:

WDt = lim = [1( + en) — Uz + en, 2)ib(x)] (15.4)

e—0 €

13



Suppose U(y,x) is a continuous function between y and x, then U(y, x) can be expanded in the
separation of two points:

Uz +en,z) = 1 —ieen” A, (x) + O(€?) (15.5)

Here we have arbitrarily extracted a constant e, namely electron charge unit. The coefficient of
the displacement en’ is a new vector field A, (x), namely magnetic vector potential. Such a field,
which appears as the infinitesimal limit of a comparator of local symmetry transformations, is
called a connection. The covariant derivative then takes the form

Dth(x) = 9b(a) + ieA, () (15.6)

By inserting 15.5 into 15.3, we find that A, (z) transforms under this local gauge transformation
as

1
A(z) = Ayx) — gﬁua(x) (15.7)
Thus the covariant derivative transforms in the same way as the field
1 )
Dyista) =+ [0 + e, = 10,0)] )
= )9, + ieA)d(2) = @D, x)

(15.8)

Consider a locally invariant Lagrangian that depends on A, and its derivatives, re-define 15.5

U(x + en,z) = exp [—ieen“AM(x + %n) + (9(63)] (15.9)

then define U(x)
U(x)=U(z,x + e2)U(x + €2,z + €l + €2)

SO . . (15.10)
X U(x+el+e2,x+el)U(x +€l,x)
inserting it into 15.9:
: €A €~ 4
U(x) = exp {—zee [—AQ(x +=2) — Aj(x + =1+ €2)

o € A 2 € ~ 2 (1511)

Expand the exponent until second order
U(x) = 1 —iee® [0, Aa(z) — D2 A1 ()] + O(€) (15.12)

Therefore F},, = 0,A,—0,A, is locally invariant, namely electromagnetic field tensor. In summary,
from U(1) symmetry, we derive local invariance directly. Up to operators of dimension 4, there
are only four possible terms inside Lagrangian invariant to global phase transformations.

Lo =GP — 3 (F)? — e Fo B — miy) (15.17)

and we get Maxwell equations by Euler-Lagrange eq.

14



4.2 Yang-Mills Lagrangians

From single fermion field, to a doublet of Dirac fields

Y1 () )
= 15.19
4 ( Ya(z) ( )
which transform into one another under abstract three-dimensional rotations as a two-component
spinor. (SU(2) symmetry)

(x) = exp (z‘ai(x)‘;) b(x) = V(o) () (15.20)
Similarly, define U(y,z) as a 2 X 2 matrix.
Uly,z) = V(y)U(y,z)Vi(z) = exp (z’o/(y)%l) Uy, x) exp (—io/(x)%z) (15.22)

again, set U(y,y) = 1, expand in therms of the Hermitian generators of SU(2) (Pauli matrices)

with a constant g. A
{2

Uz +en,a) =1+ igen“AL% +O(&) (15.23)
the covariant derivative associated with local SU(2) symmetry:

D,=0, - z’gA;% (15.24)

What is non-abelian gauge? It’s said that, there are not commutative property of multiplication
for generators as matrices. Look for the connection A/, liked 15.7 (see 15.27) and insert 15.23 into
15.22.

1+ igen“AL% — V(z + en) (1 + igen“AL%) Viz) (15.25)
V(e +en)Vi(z) = {(1 + en“% + (9(62)) V(x)] Vi(z)
0 2
=1+ent (%V(x)) + O(€%) (15.26)
0
_ __— yt 2
=1+ en'V(2) ( (%MV (ZE)) + O(e%)
Ai Ui AZ Oi 7’8 T
“(x)E — V(z) M(x); +§ L) Vi(z) (15.27)
Then insert it into 15.24, and the transformation law of covariant derivatives implies that
D, — (1 + za%) D, (15.30)
(D, D) () = V() [y, D, (2) (15.31)
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where [D,, D,] is not a differential operator, merely a multiplicative matrix acting on ¥ (z).

)

——
D,,D,| = _ZgF“”E (15.32)
i o ;0 Jot ;o o)
F/Ll/? = aﬂAVE — 8,,AME — 19 {ANE, A‘Zj?:| (1533)
Pauli matrices are generators of SU(2) symmetry, satisfying commutation relations,
ol o’ ok
—, —| == 15.34
{ 2772 ] 0 (15.34)
Then we get field strength tensor
F., = 0,Al, — 0,A!, + ge"* Al AL (15.35)

Now, field strength is not gauge invariant, with three possible directions denoted by i. Con-
struct a locally invariant Lagrangian by combining field strengths:

1 i o' I
L= —§Tr [(Fw,?)ﬂ = —Z(FW)Q (15.38)

Note, in contrast to the case of electrodynamics, this Lagrangian contains cubic and quartic terms
in AL. Thus, this Lagrangian describes a nontrivial, interacting field theory, called Yang-Mills
theory. This is the simplest example of a non-Abelian gauge theory. And its Lagrangian looks
like that of QED.

L= QD) — (FL) — miy (15.39)

According to notions of wiki,

1 .
EYM = —QTI'(F A *F) = —Z<F;V)2

e Quantum ElectroDynamics, G = U(1)
e ElectroWeak interaction, G = U(1) ® SU(2)
e Quantum ChromoDynamics, G = SU(3)

e Standard Model, G = U(1) ® SU(2) ® SU(3)
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Part 11
Chiral Perturbation Theory - Primer

Ref: “A Primer for Chiral Perturbation Theory” of Stefan Scherer & Matthias R. Schindler.

5 QCD & chiral symmetry

5.1 SU(3) group

010 0 — 0 1 0 O
A = 1 00 Ao = 1 0 0 A3 = 0 -1 0
0 0O 0 0 O 0O 0 O
0 0 1 0 0 —2 0 0O
A = 0 0O A5 = 00 O g = 0 0 1
1 00 1 0 O 010
0 0 O 1 1 0 O 5
/\7 = 0 0 — >\8 = g 01 0 /\0 = g -1
0 ¢« 0 00 -2
These Gell-Mann matrices satisfy A\, = AL, Tr(A\s) = 20a, Tr(\,) = 0, as well as:
Aa N A
|:?a E:| Zfabc?

where f,;. is the coefficient:
1
fabc = 4_?:Tr([)\a> )\b} )\c)
abc 123 147 156 246 257 345 367 458 678
fae 1 1/2 —1/2 1/2 1/2 1/2 —1/2 /3/2 +/3/2
Like Dirac matrices 7*, eight A\, are generators of SU(3) group, with unitary transformation
Ut = U1, where det(U) = 1. We could derive U(0O) = exp (—i©%)\,/2), as well as det [exp(C)] =
exp [Tr(C)]. (that’s why generators are traceless)
The anticommutation relations of the Gell-Mann matrices read

4
{/\aa )‘b} = gdab -1+ 2dabc)\c (111)

where dg. is totally symmetric
due = §Tr Do M (1.12)
Define hgpe = dape + @ fape, Which is invariant under cyclic permutations, hupe = hpea = Pean
Tr(AaAoAe) = 2hape

4
Tr(/\zz)\b)\c)\d) - géab(scd + 2habehecd

4 4
Tr(>\a)\b)\c)\d)\e) = ghabcéde + g(sabhcde + 2habfhfcghgde

17



5.2 Lagrangians

ZaEp = W [in# (0, —iedt,) —m| ¥ —

T T

the electromagnetic field-strength tensor is denoted by

F o = 0,9, — 0,9,
Define the covariant derivative of ¥

D,V = (0, —iect,) ¥
such that under a so-called gauge transformation of the second kind

U(x) = exp [iO(z)] V() o, (x) = ,(r) + 0,0(x)/e
it transforms in the same way as VU,
D, ¥ (z) — exp[iO(z)] D, ¥ (z)

... the interaction of the electromagnetic field:

Ly = —(—€) UV, = —J" o,

In QCD, o = 1,--- ,4 refers to the Dirac-spinor index; f = 1,---,6, the flavor index; A =
1,2, 3, the color index. The “free” quark Lagrangian w/o interaction may be written as

3 6 4
og/ﬂfree quarks — Z Z Z CYa,f,A (75a/iau — mf(saa’) o’ f,A (120)

A=1 f=1 a,a’=1

Introduce a color triplet for each quark flavor f

qr = ( qr1 9f2 4f3 )T

all g5 are subject to the same local SU(3) transformation; X are Gell-Mann matrices in color
space

qr(x) = qp(x) = exp (i0°(x)A7/2) ¢ (x) = U(z)qs(x)
To keep Lagrangians invarianct under local transformations, introduce eight 4-vector gauge
potentials .27, transforming as

AC :
oy = T ) = UdU' + éa#UUT (1.24)

0uqy is replaced by the covariant derivative, with the strong coupling constant gs.

D.qs = (0, + igs<,,) qy
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Define non-Abelian tensor,
G = 00y — 0p Aoy — 93 fabe oy ey (1.26)
which under SU(3) transforms as
Gy = Yo\ )2 — UY,,U' (1.27)

The QCD Lagrangian obtained by applying the gauge principle to the free Lagrangian eq. 1.20

1
Locp =Y _ Gy (i —my) — TGS (1.28)
f

with the purely gluonic part —Tr (%,,4*"). The strong-interaction Lagrangian could also involve
a term of the type

WV g po
oY,

5.3 Global Symmetries of the QCD Lagrangian
5.3.1 Light and Heavy Quarks

uds light, cbt heavy. m, = (1.7 — 3.3)MeV, my = (4.1 — 5.8)MeV, my; = (80 — 130)MeV,
me = 1.27T7007GeV, my = 4.197008GeV, m; = (172.0 & 0.9 £ 1.3)GeV. Note that the mass of
baryons might not equal to the sum of corresponding components. For example, m, = 938MeV >>
2m, + mq. Here is the Lagrangian, containing only the light-flavor quarks in the so-called chiral
limit m,, mg, ms — 0

U U
GZQOCD - Z q_lZ/B/(ﬂ - Zga,uugéu

l=u,d,s

5.3.2 Left-Handed and Right-Handed Quark Fields

Introduce the projection operators

Pr=(01+7")/2=P, P,=(1-7")=PF

R Y R L Y L

with orthogonality relations:

Ppo+Pr=1 Pl p=Pyr PrrPrip=0
which could project the variable ¢ from the Dirac field, to its chiral components qr and qy;

qr = Prq qr = Prq

Quark field is transformed into its parity conjugate under parity, P : ¢(t, ¥) — 7°q(t, —Z); thus

qr(t,T) = Prq(t,T) = Pry°q(t, —%) = " Prq(t, —7) = 1°q1(t, — %) # +qr(t, —7)
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Suppose that the spin in the rest frame is (anti)parallel to the direction of momentum
0 PX+ = EX=+

YT is Lorentz invariant

_ qrl'qr + qrl'qr
qgl'q=q _ -
qrl'qr + qrl'qr

for T' e I'y = {4, 7"5}
for T € Ty = {1,7;,0"}

dr = ¢ = ¢ Piyo = ¢' Pryo = ¢'oPL = Py,

Similarly g, = ¢Pr. Under the chiral limit, we have the Lagrangian:

1
ZLocp = Z (GriiPary + qriiPar,) — Z%aw,{?é“’

l=u,d,s

Due to the flavor independence of the covariant derivative, Z§qp is invariant under

UL/R UL/R 8 . Ur/RrR
dL/R —)UL/R dL/R = exp —Z'Z@%/R/\a/2 €_Z®L/R dL/R
SL/R SL/R a=1 SL/R

5.3.3 Noether theorem
introduce 3 x 3 matrices L2 of the adjoint representation,
li = —ipj(—iein)r = —ip; (L3 uin
Both the matrices of the adjoint representation and the components of the angular momentum

operator satisfy the angular momentum commutation relations,
[L?d, L?d} = iEijkde |:l1, l]] = iGijklk
we consider the pseudoscalar pion-nucleon Lagrangian

_ 1 - - - _
L = Wi —my) + 5 (auxlf MG — Mﬁ\p?) g - G
5.3.4 Global Symmetry Currents of the Light-Quark Sector

8 8
_ Aa _ Ao
53(30D =dqr (Z auﬁ%a? + au€R> IVMQR +4qr (Z 8u€La? + 8u€L> IVMQL
a=1 a=1

NL  with the transformations of the left-handed or

. (@
according to J¥ = %, as well as 0, J¢ = oL
n€a a

right-handed quarks
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0
b= W _ gy, g1 = e g
Rl = 855353 =@ gan OB = 5 =0
I — agi“i? =qqr 0Lt = %f% -
R = %;f% qrqr Ol = %i% =0

Instead of these chiral currents, we always use their linear combinations,

Aa Aa
Vi RiALi—@ e A= R L=y

transforming under parity as vector and axial-vector currents,
P VL Z) — V,,u(t, —7) P ALt Z) = —Aq(t,—7)

Similarly, V¥ = R + LM = qy¥q, 9,V* = 0, A* = R* — LI = "¢,

3
B A = 32932 urpe G

In the large N, (number of color) limit, the strong coupling constant behaves as g3 ~ N,

5.3.5 Chiral Symmetry Breaking by the Quark Masses

For any 3 x 3 matrices, M = 22:0 Mo\, M, = %Tr()\aM). Consider the quark-mass matrix of
the three light quarks and project it onto the nine A matrices

m, O 0
M = 0 my 0
0 0 mg

.. applying Eq. 1.38 we see that the quark-mass term mixes left- and right-handed fields,

Ly =—qHq=—(qrHq + G qr)

with related currents

853//; ) Ay
9.Lf = De,. (%7% qr — Qrl = qL)
853//1 . — Aa — >\a
(‘LRQ‘ = D ra = 1 (QRT//ZQL - QL//{?(]R>
00.% e _
O, LF = 3 P — i (G qr — Gr qL)
€L
00.% o _
O R = 3 P = —i(qrt g1, — G M qR)
€R
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5.4 Green Functions and Ward Identities
Ward identites of QED

which relates the electromagnetic vertex of an electron at zero momentum transfer, v* + I'*(p, p),
to the electron self-energy, X (p).

5.4.1 Ward Identities Resulting from U(1) Invariance

Focus on a scalar field theory w/ a global SO(2) or U(1) invariance. Consider a Lagrangian

mZ

1 A
& = 5(8N<I>18“<I>1 + 0,990/ Dy) — : (P2 + P3) — Z(cI>§ + ®2)?

= 0,010"® — m*®1d — \(d10)?

(1.114)

where ) .
O(z) = — |Pi(x) + 1 Po(x P(z) = —= [®(2) — iDy(x
(z) \/5[1() 2(7)] (z) \/5[1() 2()]
if m? > 0, A > 0, so there is no spontaneous symmetry breaking. eq. 1.114 keeps invariant under
global transformation

(I)ll = (1)1 — 6(1)2 (1)/2 = (I)Q + 6(131 (1115)

equivalent to
' = (1+ie)d (1 — ie) D! (1.116)

with an infinitesimal real parameter e. Apply the method of Gell-Mann and Lévy, we obtain for
a local parameter €(x);

0.2 = Oe(x) (i0"@T® — i®T0" D) (1.117)
Since J# = 00.£/00,€,, and 0, J!' = 00.L |Oe,, we could derive
g = BL gt — iotora (1.118)
00,¢
00.L

/J/ pu— p—
OuJ e 0 (1.119)

Consider general coordinates and general momenta

0.7 0% . 0. )
I, = I = = of I = =0 1.12

b 000 0o 90, ® (1.120)

with equal-time commutation relations
[@;(t, Z), TL(t, 9)] = i0,;6°(Z — ¥) (1.121)

A conserved current is time-independent

Q= /d?’xJO(t,:E) (1.124)

22



Applying eq. 1.122, we have

[J°(t,2), (t,5)] = 6°(Z — P P(t, T)
JOt, 7)), 11(t, )] = —6*(Z — PIL(t, &
[5%2 s iﬁ e pes 12)
[Jo(t, 7)), T (¢, )} 63 (% — I (L, 2)
or the space integrals
Q, ()] = ®(x)
Q.11(2)] = (o) 126

[Q,11(2)] = IT'(x)

Suppose |a) is the eigenstate of Q, with eigenvalue ¢,

Q(P(z)|) = (1Q, ®(2)] + ®(2)Q)|) = (1 + o) (P()]))

In summary, ®(z), [17(x) increase the Noether charge of a system by one unit; ®'(x), II(x) decrease
the Noether charge of a system by one unit.
Back to 1.114, discuss the consequences of the U(1) symmetry. Consider such a Green function,

G*(z,y,z) = (0|T [®(z)J*(y) @' (2)] |0) (1.127)

which describes the transition amplitude for the creation of a quantum of Noether charge +1 at
x, propagation to y, interaction at y via the current operator, propagation to z with annihilation
at z. |0) refers to the ground state of the quantum field theory described by the Lagrangian of Eq.
1.114 (better written as |Q2)), and should not be confused with the ground state of a free theory.

G (2,9, 2) = [6(y — 2) — 0'(y — )] O/ [2(x)(2)] o) (1120)
eq. 1.129 is the analogue of the Ward identity of QED. (Current conserved, [Q, J*(z)] = 0.)
The Green function remains invariant under the U(1) transformation.
GH(x,y,2) = G*(x,y,2) = (0T [(1 +ie)®(w) J™"(y)(1 — ie)®'(2)] |0)
= (0| [®(x)J*(y)®'(2)] |0) (1.128)
=G (x,y, 2)

The underlying symmetry not only determines the transformation behavior of Green functions
under the group, but also relates n-point Green functions containing a symmetry current to (n—1)-
point Green functions. In principle, calculations similar to those leading to 1.128 and 1.129, can
be performed for any Green function of the theory.

(OIT [@ () J"(y)@"(2)] [0) = @ () ()" (2)O(x0 — y0)O (Yo — 20)
+ ®(2)DT(2)J*(y)O (w0 — 20)O(20 — o) + - - -

All in all there exists 3!=6 distinct orderings. And 940 (z¢ — yo) = —gu0d (o0 — Yo)-
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We will now show that the symmetry constraints imposed by the Ward identities can be com-
pactly summarized in terms of an invariance property of a generating functional. (See Appendix
B) The generating functional depends on a set of functions denoted by 7, j*, j, (external sources).
They couple to the fields ®f, ®, J*, respectively. The generating functional is defined as

W Ij,5% du] = exp(iZ [], 5", jul)

= <Q'T (exp{ /d4 i )‘PT(DS)+j*(x)(I>(x)~|—ju(:r)J“(x)}})’Q> (1.130)

®f P, JH refer to the field operators and the Noether current in the Heisenberg picture, satisfying
the Heisenberg equations of motion:

o®(z) = i [H, D(x)]
aOHT(x) =i [H1I'(z)]
ao<1>*<x> =i[H ¢(z)] e
oIl(z) = i [H, 1(x)]
where
H = /d?’x% (1.132)
A =TT+ Vo' - V& + m?d'd + (0T D)2 (1.133)

Via the equations of motion, generating functional depends on the dynamics of the system (eq.
1.114 & 1.132). Green function is partial derivative of generating functional

K,y 2) = (—i)? 53W[j’j*7ju]
Gy 2) = (50 5,095

(1.134)

]:07]*:07.7#:0

Also, the generating functional may be written as the vacuum-to-vacuum transition amplitude in
the presence of external fields,

W 4,757, jul = (0,0ut|0,in); ;- ;, (1.135)
Consider the path integral below
W[4, 5% 4] = / [dD,] [dD,) €12 7:37in] (1.136)
where
S|®, 9%, 5,5 jul = 5@, 7] + /d493 [@(2)5"(x) + ©*(2)j(x) + J*(2)ju ()] (1.137)
denotes the action corresponding to the Lagrangian of eq. 1.114 in combination with a coupling

to the external sources. In the path integral formulation we deal with functional integrals instead
of linear operators. in the following we will write ®* instead of ®'... ...
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5.4.2 Chiral Green Functions

In addition to the vector and axial-vector currents of eqs. 1.92, 1.93, 1.96, we want to investigate
scalar and pseudo-scalar densities, (a =0, --- , 8 shown below)

Sa(®) = q(z)Aag() Fa(x) = ig(z) 15 aq() (1.143)

...... Whenever it is more convenient, we will also use eqs below instead of Sy or P,

S(x) = q(x)q(x) P(z) = iq(x)vsq(x) (1.144)
.. the following Green functions of the ”vacuum” sector,

(O [A% (=) Py(y)10)
(OIT [Pa()J"(y) Fs(2)]]0)
(OIT [Pa(w) By() Pe(y) Pa(2)] 10)

are related to 1. pion decay; 2. the pion electromagnetic form factor (J* is the electromagnetic
current); and 3. pion-pion scattering, respectively. One may also consider similar time-ordered
products evaluated between a single nucleon in the initial and final states in addition to the
vacuum Green functions. The allows one to discuss properties of the nucleon as well as dynamical
processes involving a single nucleon, such as

. consider a simple example the two-point Green function involving an axial-vector current
and a pseudo-scalar density

Glapan(t:y) = (O[T [AG(2) Po(y)]] 0)

— Ol — o) (01 44() Piy)| 0) + O(go — 20) OB AL 0) )
and evaluate the divergence
9, Glpay(@,y) = 9, [O(z0 — yo) (0 !AZ(ﬂf)Pb(y)l 0) + O(yo — o) (0[F(y) A ()] 0)]
:5(I0—y0 <O|AO ‘0>—(5l’0—y0 <O{Pb 0 |0>
—I—@(?L’O—yo <0{8$AM ) }0>+@ 0—130 <O|Pb 8$AM )‘0>
= d(x0 — ) (0 |[Aa(2), ]|0>+<0|T[3’”A" )]]0)

where we made use of 9;;0(zo — yo) = 6(¥o — Y0)gou = —I;;0(y0 — o).
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5.4.3 QCD in the Presence of External Fields and the Generating Functional

Introduce the couplings of the 9 vector currents and the 8 axial-vector currents into the Lagrangian
of QCD, and the scalar and pseudoscalar quark densities to external c-number fields,

& = Lcp + Lext (1.150)
where
A 1 : A : :
S Ul g @+ Y a5 S D SaGhad + ) Paidishag
a=1 a=0

8
c%xt = Z,qu’}/u 3
a1 a=0 (1.151)

_ 1 _ :
= Yy (v“ + vt 75@”) q—q(s —ivsp)q

with 35 real functions of x: v, vé‘s), at; sq, pa, denoted by [v, a, s, p]; v,a,s,p refer to vector, axial-

vector, scalar, pseudo-scalar current. The ordinary three-flavor QCD Lagrangian is recovered by
setting v* = vé‘s) = a" = p =0, and s = diag(m,, mg, ms). The Green functions of the vacuum

sector may be combined in the generating functional (where sub 0 means the chiral limit.)

exp(iZ [v,a,s,p|) = <0‘Texp [z'/d4a:§fext(x)Ho> = (0, 0ut]0,in), 4.5, (1.152)

0

The quark fields are operators in the Heisenberg picture and have to satisfy the equations of
motion and the canonical anticommutation relations. The generating functional is related to the
vac-to-vac transition amplitude in the presence of external fields,

exp(iZ v, a, s, p]) = (0, out|0, in) (1.153)

v’a7s7p

For example, to calculate (0|uu|0)q, start from wu

1 /2 1 1 /1
= =/ =GXoq + =3 + =1/ =G\
b 2\/;] 09+ 54 3q+2\/gq s

(Ola(a)u()[0)o = 5 N; wm e Vs

The actual value of the generating functional for a given configuration of external field v, a, s, p
reflects the dynamics generated by the QCD Lagrangian. The (infinite) set of all chiral Ward
identities resides in an invariance of the generating functional under a local transformation of the
external fields.

then

eXp(ZZ [U7 a, s, p]) |v=a:s:p:0

1 4" o™ v
Yl 1 Y% ow —% — s
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Parity transformation of I'matrices
W P S - -
qr(t, %) — ~0qs(t, —7) Z(t,7) — ZL(t,—7)

o Ly o L o gr By g 5 —> S — —
I (s) 1 0 p P

Charge conjugate transformation of I'matrices

r 1 " o™ v s
—CTTC 1 —4* —o™ 5 Al

c _ _ c _
do,f — Caplp.f Gony — —48.fCha
0 0 0 -1
0 0 1 O
2.0 ol ot AT _
C =1y*y C C C 0 -1 0 0
1 0 0 0
I denotes flavor space matrix
qTFq <5 —gCTTCF g
Also for vasp
vy, I vl(f) “ —vl(f)T a, , af PRy p — pt
Define
ry=v,+a, l,=v,—a, (1.160)

Eq. 1.151 becomes

— 1 S — 1 S
L =LBon + (lu + 300 )) qL + 7" (m + 3, )> ar

— qr(s +1ip)qr — qr(s —ip)qr

(1.161)

which keeps invariant under local transformations (from now on Vi and V7, will denote local trans-
formations, whereas R and L will be used for global transformations; Vz and V;, are independent
space-time-dependent SU(3) matrices......)

qr/r = exp (—iO(x)/3) Vi/r(@)qL/r
and for other parameters
1y — Var Vi + Va0,V
L, — Vil Vi +ivi8,V]
o) =0l — 0,0 (1.163)
s+ip = Vi(s +ip)V]
s —ip — Vi(s —ip)V,l
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Coupling with external fields, we select the charge of quark as @ = diag(2/3,—1/3,—-1/3)

r

p =l = —ed,Q
Loxt = = (V" qL + ROV qr) = —e,qQ7"q
2 1- 1
= —eg), (gfw“u - ngHd - 357“s> = —ed,J"
if only consider two-flavor QCD:

3
rp=1,= e%% v = ——o7,

p=—

6 Spontaneous Symmetry Breaking & the Goldstone The-
orem

6.1 Degenerate Ground States

Consider the Lagrangian of a real scalar field ®(x)

@@2 — éq)ﬁl

ZL(®,0,0) = %a,;paw e

By Legrendre transformation, the corresponding classical energy density reads,

. 1. 1 - m2 A
=1Id - L = —-P>+ —(VD)? + —P% + ZP*

H £ 5 +2(V )? + 5 +4
N’

=7(®)

6.2 Continuous, Non-Abelian Symmetry

6.3 Goldstone Theorem
6.4 Explicit Symmetry Breaking

28



7 Chiral Perturbation Theory for Mesons

7.1 Effective Field Theory
7.2 Spontaneous Symmetry Breaking in QCD

7.3 Transformation Properties of the Goldstone Bosons
7.3.1 General Considerations

Let’s consider a physical system described by a Lagrangian which is invariant under a compact
Lie group G. We assume the ground state of the system to be invariant under only a subgroup
H of G giving rise to n = ng — ny Goldstone bosons. Each of these Goldstone bosons will be
described by an independent field ¢; which is a smooth real function on Minkowski space M?*.
These fields are collected in an n-component vector ® = (¢y,- -+ , ¢,,). Define the real vector space

M, ={®: M* — R"|¢; : M* — R smooth}

to seek a mapping ¢ which uniquely associates with each pair (¢,®) € G x M; an element
v(g,®) € M, with following properties

ple,®) = (VO € M)
©(g1,0(92,®)) = (9192, ®) (V91,92 € G, VO € M)
Such a mapping defines an operation of the group G on Mj.

o L @
1 T
gH 25 ggH

This procedure uniquely determines the transformation behavior of the Goldstone bosons up to
an appropriate choice of variables parameterizing the elements of the quotient G/H.

7.3.2 Application to QCD
The symmetry groups relevant to the application in QCD are (N = 2 for ud, N¢ = 3 for uds)
G =SU(N) x SU(N) ={(L,R)|L € SU(N),R € SU(N)}
H={(V,V)|V € SU(N)} = SU(N)
The transformation behavior of U is therefore given by
U=RL' - U =RRLYL' = RUL'

Re-define
B {{cb : M* — R3|¢; : M* — R smooth} forN = 2

T {9 M* = R8¢ : M* — R smooth} forN = 3

29



let (N) denote the set of all Hermitian and traceless N x N matrices, which under addition of
matrices defines a real vector space.

#(N) = {A e GL(N,C)|At = AATr(4) = 0}
Define My = {¢ : M* — 5 (N)|¢ smooth}, if N = 2:

3
— o ®3 ¢ —idy \ _ 2 ot
¢ = ;¢1Uz = ( 1+ 1o — s =\ var -0 (3.36)
where ¢ is Pauli matrix, and ¢; = %Tr(aigzﬁ). If N =3,

w0 + \/Lgn Vort V2Kt

8
¢ = Z PN = Vo= —x® —1—7\%77 V2K° (3.37)
i=1 V2K V2K 2

Similarly, A, is Gell-Mann matrix, and ¢, = $Tr(\.¢). Therefore, 7+ = \%(le —igo)
Finally, we define

M; = {U : M* — SU(N)|U = exp <Zl;£) NORS Mg}
0

Fy is introduced to make the argument of the exponential function dimensionless. Since a bosonic
field has the dimension of energy, F{ also has the dimension of energy. Later on, Fy will be
identified with the ”decay” constant of the Goldstone bosons in the chiral limit. (There is a
subtlety here, because F{ is traditionally reserved for the three-flavor chiral limit, whereas the
two-flavor chiral limit and at fixed my is denoted by F.) ......

¢ ¢

U=14+i— - " 4+...
+ZFO 2F02+

7.4 Effective Lagrangian and Power-Counting Scheme

Mainly for couplings with external fields under 1GeV

7.4.1 The Lowest-Order Effective Lagrangian

In the chiral limit, effective Lagrangian is invariant under SU(3), x SU(3)g x U(1)y. It should
contain exactly eight pseudoscalar degrees of freedom transforming as an octet under the subgroup
H =SU(3)y. In terms of the SU(3) matrix, with an octet ¢

ey - o (142) -

the most general, chirally invariant, effective Lagrangian with the minimal number of derivatives

reads
2

F,
L = IOTr(ﬁﬂUé?“UT) L/R=1—i€} p)e/2
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7.4.2 Symmetry Breaking by the Quark Masses

Consider the isospin-symmetric limit, m, = mg = M, so that the 7’1 term vanishes and there is
no 77 mixing. Then we obtain for the masses of the Goldstone bosons, to lowest order in the
quark masses, with By = —(qq)/(3F})

2
M? = 2By M3 = By(n + my) M} = gBo(m + 2my,)

7.4.3 Construction of the Effective Lagrangian

As in the case of gauge theories, we need external fields I#(z) and r#(z) (Egs. 1.151, 1.160, 1.163,
Table 3.3). For any object A (like U), transforming as VRAVLT , define the covariant derivative
D,A:

D,A=0,A—ir,A+iAl, (3.65)

Also, there are the field-strength tensors fr,, and fr..
fruw = 0y — Opry — 4 [rp, 1] Jrw = 0uly — Oyl — il 1]
field strength tensors are traceless. Introduce linear combination y = 2By(s + ip), where
3F3Bo = —(4q)o
As for ChPT,
U=0(") DU=0(q) I/rn=0() firw=0(") x=0()

with invariances below

O(¢") T (UU") =
O(q) :Tr(D, UUT) = -Tr [U(D,U)] =0
O(¢®) :Tx(D,D,UU") = —Tr [D,U(D,U)"] = Tx [U(D, D,U)]
Tr(xU™) (3.72)
Tr(Ux")
To(U frwU") = Te(frpw) =0
Tr(frRuw) =0

We end up with the most general, locally invariant, effective Lagrangian at lowest chiral order
F? F?
L = ZOTr [D,UD"U)T] + I“Tr(XUT + Ux"
At O(q?) it contains two-low energy constants: the SU(3) chiral limit of the Goldstone=boson
decay constant Fy, and By = —(0]qq|0)o/(3F%)
8 Chiral Perturbation Theory for Baryons

Page 159, eq. 4.13, chiral connection I';:

1
r, = 5 [uf(0, — iry)u + w(d, —il,)u']
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Part II1
omega to pi + gamma

Ref: Pedro D. Ruiz-Femenia et al JHEP07(2003)003

9 Symmetry

Operators Parity transP ChargeC' Hermitian conjugate

P —& o d
U ul ul uf
Dyu (Dyu)? (Dyu)* (Dyu)?
vy vk —vg Uy
ay, —at af a,
l, r# —Tg l,
T [~ —1} T
X N X" X!
F Fuw R F
Ry Fuw =P Fy
Uy, —ut utt Uy
X+ X+ Xt =
L, r# Fg =T,
f;w:l: ifiy + gy:t f,uu:l:
Py —hHv hfu Py
S S St S
P —P PT P
Viw s —VMTV Viw
A — AV AZV A

10 Notions

Ref, ”S. Scherer Introduction to Chiral Perturbation Theory” on page 49.
We introduce into the Lagrangian of QCD the couplings of the nine vector currents and the eight

axial-vector currents as well as the scalar and pseudoscalar quark densities to external c-number

fields v*(x), Uéy at(z), s(x), p(z).

_ 1 _ ,
Lot = Qp (v“ + 3% + 75a”> q — q(s —iysp)g

The external fields are color-neutral, Hermitian 3 x 3 matrices, where the matrix character, with
respect to the (suppressed) flavor indices uds of the quarks fields, is eq. 2.96

8 8

8 8
UM:Z%UZ a“zz%ag SZZAaSa p:ZAapa
a=0 a=0

a=1 a=1
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The ordinary three flavor QCD Lagrangian is recovered by setting v = vé ) = a* =p =0 and

s = diag(m., mg, ms) Note the couplings of quarks with external fields, we choose the charge as
Q) = diag(2/3,—1/3,—1/3). As for three-flavor quarks, r, = [, = —ea7,(Q)

Ty =v,+a, ly,=v,—a,

10.1 Field strength tensor F f/VR
FBY = 0,r, — Oyry —i[ru,m] F" =0,l, — 0,1, —i[l,, 1]

with external fields r, = v, +a,, [, = v, — a,;

Fpl =0ur, — Oyry — i[ry,m)]
= Oulvy + ) = Oy (v + ap) — i [(v + ap) (v + av) — (v + ) (U + ay)]
= 0y, + Oya, — 0,0, — Opay, — i (V0 + Ve, + a,v, + a,a, — VU, — VA, — AU, — ayay,)
= (0,vy — Oyv,) + (Opay, — Opay) + i (v, v, + vy, au] +ilay, v,] +iay, a,

Ff” = 0uly, — 0,1, — i [lu, l,]
= Ou(v, —ay) — al/(v# - au) —1 [(Uu - a#)(vy —ay) — (v, — au)(vu - au)]
= 0y, — Opa, — O,v, + Oyay, — i (V0 — Vua, — auv, + aua, — VU, + Vya, + av, — ayay)

= (O — Opvy) — (Opay — 0yay,) + i vy, v,] — i (v, a,] —ilay,v,] +ifay, )
the sum and the difference between them shown below

F" + Fp¥ = 0,1, — 0, —i[ly, 1] + Oury — Oy — i [1u, 1]
= 20,(—ed,Q) — 20,(—ed,Q) + 2ieQ [, ]
= 2Q {(0udy — Oty + i [Fy A}

FIY —Fp¥ =0
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10.2  fi

W= uFtut W PR

where v is the unitary square root of U, u?*(z) = U(x) and u(x) — u/(z) = VRUL!, with
expansions ,
_ i\ _ w0
u(p) = exp (W) =1+ VT +
—; - 2
uT((b):eXp(\/_TZ;i) :1—%—%4—
f+ —uFW T—i—uTF‘W
b i ib i
N(1+ \/iF)FL (1 \/§F)+(1 \/§F)FR (1+ \/_F)
_ ppv % Z¢ Z¢ 1272 Zgb % Z¢ 1% Zgb Zgb Z¢ % qu
= PP e E ﬁFF N TRRL IR vy 2 Sy 2 v o
o Uy ury ,u,u ,u,u ¢ ¢ wyo ppvy ¢ ,u,u p,l/ ¢
o uv 104 _ﬂ % 1% Z(b
= 26Q {00ty — 0, 0) + i [ty A1} + P2 (D, — Dih) iy ]}
~ —2eQ(0,4, — 0,4,
M = uFt"u’ —ul Fi'u
~ Z¢ HY (1 Z(b . o t Qv Z(b
— (FMV _ FMV> (FHV+FMV) Z(b (b (FIW —|—F“V) _ ﬂ(FHV _F/W)ﬂ
R \/_F \/§F L R \/iF L R \/§F
— 20Ot = 0,68+ [y ]} = 2eQ (O = Dy ) + i Ay <
=V Oyt — Out) + i A} 6,

et — 0,0 [6.0)

~
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10.3 chi +/-

2 lad)o(s + ip)

0

X+ = uT)(uT + uXTu

Combine scalar fields and pseudo-scalar fields by x = 2By(s+ip). Easy to know y+x' = 4Bys;
if p =0, then y — x' = 4iByp = 0 or x = x'. Below we calculate y, with mass matrices shown

inl3.4.2
X+ = uTqu + uxTu

R O R
N( \/iF)X(l \/§F>+(1+\/_F)XT(1+\/_F)
:< _igx X9 ¢X¢) N ( igxt | ix'¢ ¢XT¢)
AVGT- I \/_F 2[2 \/_F V2F  2F?
= (x+x" - \/—F(X X —(x - )\/Z?F MX;};(M
t
~ (o) — ¢(x2¥< )

~ (x + x') = 4Bys = 4Bydiag(m.,, mq, m)
= 4Bydiag (1, m, my) = 2diag(M?2, M? 2M3z — M?)
M2 0 0
=2 0 M2 0
0 0 2M}— M?

o = ulyu’ —uxu

L2 N L A S B i

~ U= X 5 (HfF)XT(HfF)

— < _dox _ ixe ¢X¢) _ ( ngXT ZXT¢ ¢XT¢)
X \/§F \/_F 2F? \/_F V2F  2F?

= (0= x1) = k) = () e — X

:_%(XJFX) (X—l—x)\/Z?F

:—fz(¢x+x¢)
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10.4 Chiral vielbein u,,

Pay attention to w and u,, the latter is the so-called chiral vielbein.

w, =i [ul (9, — iry)u — w(d, —il,)u']

under parity transformation, wu, — i [u(0" — il*)ul — uf(8" — ir*)u] = —u” like axial vectors.
Moreover, with external fields, chiral vielbein is odd-intrinsic-parity under external fields.
(i — —i): w, = i [l Bu — wdul] — i [udul — uld,u] = —u,
=i [u"(9 m Oy — il u']
(-2 m) et (1 5~ i)
(i) (i)
_ {<1 4F2) Zamb (0u9) ¢4;2¢( 0u9) o AQ - e&j%iqﬁ 3 ieiqugqﬁ?)
(1 N f 4F2> ( zam (0u9) ¢>41+m¢>( 0ub) ;o AQ+ ei«/f%%b 3 ieiquégch)}
_ {(1 4F2) (ZaMb (9u9) ¢4;2¢( 0ud) e AQ - ef/f,%clicb 3 iejqucgch)
N ( zcb 4F2) (zam (0,9) ¢4;2¢( Ouf) .. Q- eﬂ\/f%? N z’e?ﬁ&)}
iy {zjﬁ? eicf/_ C;qb N ijF u¢)¢4‘;2¢< Oud) gF e, 4 f;} ' ieﬁfNFi)qbz

¢ 0.9 . ¢*  ed,Q¢
4F2 \QF  4F? \oF
V20,0 V2ied,Qp  $(8,0)¢ + ¢*(9,9) n V2ied,¢Q igesd, Q¢

F F 2V2F3 r 2L
L P0uo | e, iQ0
2V2F  2V2F°
a7, )
VI \/_ze ki)~ YO0 | ey

_'_
2V/2F3  24/2F3

For faster calculations, some terms vanish in line 4, according to their difference symbols:

| +/= =)= 4+ )+ =)=
+/+ |- =/ = ==
—/+ | =/= +/= —/+ +/+ +/-
—/= | =/+ +/+ =/ +/= +/+

F
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10.5 Chiral connection I';,

I',, is even-intrinsic-parity without external fields, as for pion fields.
r, = Lo dpul] = * [udul +uld,u] =T
u_ﬁ[u uu+uuu]—>§[uuu—l—u Mu}_ p

1
)
= [u'(8, - M’Mu%—u@ — il )u']

{1 o) - <em>]( )

[u (0, — ir,)u + w(d, — il,)u']

T 1F?
2¢ i ¢?
(1 4F2) o) (1 755~ 7))
B ¢ i0 ¢ 0u9)0 + 9(0u0) e, Qo ied, QP
_ {(1 4F2) i DI o 0 ool )
¢ 3¢ 0,0)P + ¢(0up) Q¢ ied,Qp?
+( 4F2)( 7 ’ 4F2<“)+26%Q+6\/%F _264;“2 )}
_ u¢)¢+¢( o) 1697 1, Q9? ip 10,9 ip  ed, Q¢
L=~ o Tl - —m V2F \/gF VT \/%F
o> (0,0)¢ + ¢(0up)  &° ¢°  ied,Qp’
Tl AF? — o et Tm e
O o
_ O 0D g QP 000 Qo
n *(0,0)¢ + ¢*(0,0)  ied,$*Q n ied,$*Qe*
16F AF? 16F
8,0) — (0 , o, o,
_ (b( M¢)4F2( N¢)¢ + zeszqu . ZZF2 (Q¢2 + ¢2Q) ie Zﬁng
i ¢2(au¢)¢ + (/53(8“(;5) i ieq, ¢2Q¢2
16F1 161
8,0) — (0 o, o,
~ z’e%@+ ¢< u¢)4F2( u¢)¢ ZZFZ (qu i ¢ Q) ie 2;;?2@¢

For faster calculations, some terms vanish in line 4, according to their same symbols:

S i i o i sl
S I e e e & S
—/+| =/ +/= =/+ +/+ +/=
—/= | =/+ +/+ =/ /= +/+
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10.6 x./7

L
ZM = UTOMU

N i9 ¢ i9 ¢
~(1- g 1m) % (1 75 i)
B <1 i ¢ ) (i%ﬁ B (0u¢>¢+¢(5u¢))
B V2F  4F?) \\2F AF?
_ 0,0 (0u9)9+6(0u0) b 0 | id  (0u0)¢+ H(0,0)
V2F AF? V2F 2F 2F AF?
0.9 N ¢*  (0u9)¢ + $(0,90)
4F? \OF ' AF? AF?
_ 0.0 _ (0u9)0+6(0u9) | 00,0  U6(0u0)0 + ¢*(0u9))
V2F 4F? 22 NG
P00 N ¢*(0u0)9 + ¢°(9u0)
4/2F3 16 F*4
_ 0u0 | H0uP) — (0ud)d | i$(0,0)¢ ¢*(0u9)9 + ¢°(9u0)
- V2F 4F?2 4\/2F3 16 F4

R
2# = uauuT

N 10 o (o P>
”(“m‘m)aﬂ(“m‘m)

_ (1 Lo & ) (_ i0,6 <au¢)¢+¢(au¢>)
V2F  AF? V2F AF?
00 (0u0)0+0(00)  i6 10,0 i (9,0)0+ 6(9,0)
V2F 4F? V2F 2F 2F 4F?
L 00 B (0,0)0+0(0,0)
AF? \oF = AF? 4F?
_ 00 (000 + 8(0u0) | 00,0 i(6(D,0)0 + 8(0,0))
NGYa 4F? 2F2 4y/2F3
L1800 8(2,0)0 + 6'(0,0)
4/2F3 16F4
_ i@Mb + ¢(au¢) _ ((()“gzﬁ)gb _ @Cb(auﬁb)ﬁb + ¢2(au¢)¢ + ¢3(3,,¢)
- V2F 4F? 4\/2F3 1654
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10.7 Covariant derivative & hjy

V.,V =0,V +[l,,V]. Approximation: I', ~ ieo/,Q as well as

\/_auqﬁ \/_26427
Uy N =

= o, Q)]

Vo, = 0ty + Lo, wy)
_a, {— V20,0, Ve, Q]} iect,Q, L2, Ve, @]]

F F
~ 8a{ V2hb | Ve, Q]} iect,Q, V2008
V2B ﬁeﬁ =D 16,Q) + ﬁjﬁ”" 0,6,Q) — iectu@- Y28 4 V200 oy
B \/_8 0 qb V/2ied,, a7, V2ied, V2ied,
= T (6, Q) + S 1040, Q)+ T 0,0, Q)
\/_3 0 gb V2ied, <), 2\/5@'6@/&
F . F [(b’Q] F [aﬂ(b: Q]
h, = Vi, £ Vo,
h, = Vuu, —Vyu,
v % ) %
( *f‘}a O YD 1, g 4 22N, [&@,@])
\/_(9 8,@ V2ied, <), 2\/52'642%,,
= V20,0, - 8,00 + Y2 6.Q) (Oust,  Duity) + L2 (1, 10,6, Q] — A, 0,6, Q)
f“f 6, Q) (Ot — Do)
>~ fﬁ”

h+ = V,u, + V,u,
5 o, e,
( V200 SUCO 1, ) 4 2Y 2 [ayqb,Q])

F F

V20, 8qu V2ied, a7, 2/ 2iedd,
+( = 7 6,Q) + 2 (0,0, Q])

V20,0, + 0,000+ Y2 (6,Q) (Ot + D) + 22 (o1, 0,0,Q) + o, [9,6.)
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11 How to calculate

Ref “Odd—intrinsic—parity processes within the Resonance Effective Theory of QCD”, P. D. Ruiz-
Femenia, A. Pich and J. Portolés.

11.1 Lagrangians

The low-energy behavior of QCD for the light quark sector (u, d, s) is known to be ruled by the
spontaneous breaking of chiral symmetry giving rise to the lightest hadron degrees of freedom,
identified with the octet of pseudo-scalar mesons. The corresponding effective realization of QCD
describing the interaction between the Goldstone fields is called chiral perturbation theory [1,2,3].
The effective Lagrangian to lowest order in derivatives, O(p?), is given by :
2
Ef) = %(uuu“ + X+)

with parameters mentioned previously
u, =i [u'(8, — ir,)u — u(d, —il,)u']

X+ = uTqu + uxTu

Unitary matrix in the flavor space:

u(¢) = exp (\;;DF)

is a non-linear parameterization of the Goldstone octet of fields:

- a0+ L 7t KT
_ A2 vt e L0, 1 0
(I)(QT) = —¢ = ™ —7§7T + 76778 K
V2 K- Rz
6

The external hermitian matrix fields 7,,(,, s,p promote the global SU(3)zxSU(3); symme-
try of the lagrangian to a local one, and generate Green functions of quark currents by taking
appropriate functional derivatives. Interactions with electroweak bosons can be accommodated
through the vector v, = (r, +1,)/2 and axial-vector a, = (r, —[,,)/2 fields, while the scalar field
s = M+ --- provides a very convenient way of incorporating explicit chiral symmetry breaking
through the quark masses.

The generating functional Z [v, a, s, p] calculated in terms of the external sources is manifestly
chiral invariant, but the physically interesting Green functions (with broken chiral symmetry) are
obtained by taking a particular direction in flavor space through functional differentiation. Finally,
the lagrangian £§<2) is settled by fixing F' and By from the phenomenology: F ~ F, ~ 92.4 MeV
is the decay constant of the charged pion and ByF? = —(0[1|0), in the chiral limit.

Ly = Lxin(V) + Lo(V)
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1 A v M‘Q/ v
LKin(V) - —§<V VMV,,V - TVIU/VM >
My is the mass of the lowest octet of vector resonances under SU(3).
V,V=0,V+[,,V]
1

r,= 5 [uf(0, — iry)u + w(d, —il,)u']

in such a way that V,V also transforms as an octet under the action of the group. For the
interaction lagrangian £o(V') we have

F G
Lo(V) = 2—\%(\@” Yy 7;

Y = uFtu £ ol Fiu

(Viuru”)

where F f/”R is the field strength tensor of left/right external field [,,ru, and Fy, Gy are real
couplings. The octet fields are written in the usual matrix notation

T
s — 1 0 1 *0
Vp,l/ = \/EVMV = P —7§p_—|— 76(4}8 K
K*— K*O —\%ng

nv
the effective Lagrangian £,y = £§f) + Ly is enough to satisfy the short-distance QCD constraints

where vector resonances play an important role.

7 4
Ca a a
LA = Lygp + Lyvp = g S vap + E doOYyp
v
a=1

11.2 VJP: vector, external, pseudoscalar

VJP terms, vertices with one vector resonance and one external vector source plus one pseu-
doscalar. Herein, w is the vector resonance, v is external vector source, and 7 is pseudoscalar.

O\llJP = Guv,oa<{vw> Jpra} Vau?) O\QIJP = euyp(,({V“O‘, ﬁa} Vau”)
O%/JP = ieu,,p(,({V“”, Jﬁa} X-) O%/JP = ieul,p,,<V“” 27, x+])
OVip = €upe({Va V™, [0} u”) OVip = €upe({Va VI, f7} u”)

OZ/JP = eu,,pg<{V"VW7 ﬁa} Ue,)

Revise Levi-Civita symbol, such as €934 = +1,€9134 = —1. After odd-time permutation, it
changes the symbol.Here we prove €,,,,¢"¢” = 0 for the later convenience.

w.oo __ w.o __ o
Eul/paq q = _eaupuq q = _E,uupaq q
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For massless photon, k% = k,k* = 0. As for the process w — 7, the product of two 4-vectors:

(¢ + k) — (g —k)* _ M- M7
2 2

(q_k)aka :qaka _kaka — qk‘ =

11.2.1 Obp

OVsp = o {({V™, F2°} Vou?)
= €upe ({V* uFu + ul Ffu} Vai [0 (07 — ir”)u — w(07 — il%)u'])

~ €Lvpo <{VMV, 26@(8"‘%!’ _ ap%a)} va (_ \/§Faa¢> >

2\/_6

L2 ]\ilv Ovyp = foeg ~eppo ({VH,Q} 0,07 9) (9P — 0°7?)
= 25;5 Lo 0,07 TP o — 0% ?)
Attention to the imaginary unit before Lagrangians
iMygp = 5%?& - 5A§Z>5w J\ilv Oy
=3 ASZ) % 2]\\26]? Lo 0,070 (0P 2/ — %o )
- %Ewm {MLM(—Z'Q“GZ +ig el) (g — k)a - i(qg — k)7 - (iK€ — k™€)
]2\4{;331 Cuvpo (=@ el + ¢ el)(q — k)a(—k)7 (ke — k%)
]2\4{;331 uvpo(—qel, + q"€l})(q — k)a(—k)7 (—k"€5)

2 \/_2601 4\/5@601

= _MvFM €uvpo 29“€Z(q - k)gjfgk?ad; = _mfwmq%;kg&g(qa . ka)
4y/2ieC’ - 4y/2ieC’ Y
- +MVFM1 GMVPUE’Y wqpk (Mf) - Mz) MvFMl EMVPUEw ,quki (Mi — Mz)
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11.2.2 02,

OYp =
Cs
O%/JP

L
DMV

2\/_602

53 L3

= €upo ({V*, f7} Vau”)

C
My
Co
My

——€upa ({VH,

€L po <{V"a, 2eQ(0° AP — 0P A7)} (—?3@%) >

J} Vau”)

7w {V' Q) (077 — 0747)0,0"9)

My F
2\/_602

3 e pe w0, 0" T (0P T —

97 7"

& Cy

IM7)p =
2v/2ieCly

T T MyF
2V/2ieC,
= My FM,
_ 2V/2ieCy

- My FM,
2\/_2602

= My FM, T C

B 2v/2ieC,
- MyFM,

11.2.3  O%p

OVyp = i€uwpo (V"
Cs . Y
My —— i€ ({VH, f
1CY
M_VE;UJpO'
2\/5603

My F e

Cs

LD MVOVJP =

~
~

SASTO0w
eu,,pgﬁ(—iq“eg +iqg%e) - i(q—k)o - i(qg— k)" - (ik?
€uvpaqd €

4
€pvpo - €597 - 2K

2

§AdITOdw My, Ovip
1

€7 —ik7¢l)

w

el (=Ko q" - (Ke] — k7€)

)

€5 (q"qa — ¢" - ka)

M? — M?

w T

C2KkPe | M? —
o (202 - 2

em,pgeije,’;qpk" (Mz + Mz)

27} x-)
7y x-)

<{V’W, 2eQ (87 A” — 0/ 7)} (—g

(xo + ¢X)> >

W at? — 9Pl - 2M 7"
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@ 0%LW® 8% Cs
MYIe = 5580~ 5 A5 M, OV
5% (w‘ eCh

T 5A6T00w \ MyF et
2v/2ieCy 1 (
————— €uwpoc

MyF ™ 0

2/2ieCy
~— 7 Cuvpo
My FM, """

2\/_ 2ieCs

= MyFM, 2 FAL oot

2\/—2603

(0P — 0Pl - 2M7%7r0>
—ighe’ +ig’e") - 2M?2 - (ik7€l — ikPeT)
- 2qte” - 2M?2 - 2k7 €l

Pq' k7 - 8M

————— € po € quk" . 8M72

- My FM,
11.2.4  Op
Ovyp = i€upo (VI [77 X4])
N i€upe <VW - f”@w 07) [6,Q), 2x] >
\/§€ v g a
== TEMVPU <V“ : [(ap"Q{ - a dﬁ)(¢@ - Q¢)72X]>
2\/§€
- Teuupaa/wj [(¢Q - Q¢>7 X]><ap%0 - aUﬂp> = O
11.2.5 O{’/JP
O%/JP = €upo ({Va V", )
C C v e g
LD Mf/OVJP Mf/euvmqv VR )

—~ CV5 uv o 7P [ pvdet \/§ o
TR <{aav ,2eQ(0% o — 0.l )} <—78 ¢>>

_ 25655%”({6 VI QY (0P f ™ — 3t P)O &)

2\/_605

S G Dot T — )
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3 (5) 63' C
A B) 0°iL i 5 05
MVIP = 55050 ~ 3 A0m00m My OV
2v/2ieCs 1 ,
=My F e g (T
2v/2ieC . , . N N
MVFM5 €uvpo “ qo (quﬁw —q 65) . (q — k?) . (k?pe7 —k EQ)
2v/2ieC . , i N N
MVFM5 ywpo * Qo ('€, — q7€ly) - (k)7 - (K7€ — k%€h)
2\/_2605
= My FM, "
2\/_ZGC5
20V etel o, w
MVFM A7 g Cuwpo q €, 6 ( k) ( 2
2\/_2605
= My FM, e

(—igtel, +iq"ely) (g — k)7 - (ikPe — ik%el)

L 2g7 € (—k)7 - o - K€

etk (M2 — M2) = ke (M2 — M)

11.2.6 0%,
O¥sp = Cupo ({VaV", f7} )

C a 0 v
OV = Mﬁvﬁwa<{v Ve fE7u”)

C 2
~ S <{aav“a, 2eQ A” — 7)) (—%w) >

2\/_606
 MyF
. 2\/_606
 MyF
3, (6) 3
e oL 6% G
MV = 5 A5r05m — 5 Adm00w My O VP

8 | 2v2eCq
© SASTOSw | My F

2\/_2606

My F 7 o Cuvpo (_Z>qa ’ <_iqu€g + iq%g) ’ Z(q - k)y ) (ikp€$ - ikodz)

2/2ieCy N N , . .
= ————€upo " Qo (qV€l, — ") - q" - (K ef; - kp%)

Cs

L
DMV

———€pe ({0 VF, Q} 07 9) (0P — 0 .a/P)

€po Dot T (0P T — 0 2 ?)

€rpo a0 0 (0 /7 — agw)]

My F
2v/2ieC, .
= WFGEWW Qo - qV€ - q" - 2k e”
4v/2ieC, o 4+/2ieC, .
= WFVGEMVPUMLg : Efjd;q k7 = ]\4‘/17]\46 EquUMZ GH fyqpk
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11.2.7 O

C17 07 AV ZNIe
My ——O0p = MVE#VPU<{V VE, [ ta)
~ 07 T UV [ p__ap o - \/5
~ Mvewpa<{a VI 2eQ(0 e — )} |~ Y200
2\/_607

S e {0V, Q) 0u6) (0t — 9°at?) = 0

€vpe 0"V = €,4,,507 (OMVY + 0"VF) = (€uupo + €vpupo) 070"V =0

11.2.8 Scattering amplitude of Ly;p

In summary, total Lagrangian of VJP process is the sum of each term.
¢
Lyjp =) ——Oup
a=1 MV

And the total scattering amplitude of w — 7 as the sum of each term.

4+/2ieC pvop 9 9 2v/2ieC, 9 9
S I Skt (M?— M PET (M5 + M,
(zmmm%w”qk(w ) MJM%WEqk( + M)

2\/_Z603 o 2\/_zeC’5 -
+ ( My FIL 7 Cpo€n€r @7k 8M2> (MVFM €uvpo€liel g’k (M2 — M?)

4+/2ieCy "
+< My FM, g Ceo €t Ok M2>

2/2ie

M FM lepo€ qpk"’ [(Cg - 01 + 05 — 206)M5 + (Cl + 02 + 803 — 05)]\/[72]
14

11.3 VVP: vector, vector, pseudoscalar

VVP terms, vertices involving two vectors resonances and one pseudoscalar. Herein, w and p" are
vectors resonance, 7 is pseudoscalar.

0\1/VP = euyp(,({vl“j, Vpa} Vaug> O\Q/VP = iEuupa<{V“V7 Vpa} Xf>
O%/VP = EquU<{VaVWv Vet u?) O%/VP = wapa<{vgvlwv VP ug)
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First, we discuss w to p® and 7, then from p° to . VVP refers to the former one £;, and the
latter one refers to:

HUN _eFv BV QY o/ )\ — _eFv

ot {71 in =ou (V10" 70 0)in = (VTN 7T o) = (ym°)iThiTh o)

Therefore, it’s needed to calculate two Lagrangians respectively, and then the scattering amplitude.

(P)op (0"t ¢ — 0721

11.3.1  Oiyp
£ dOhyp = dieyupe({V™, V) Voui®)
2d
~ %E#VngV#V, Vpa} aaacr¢>
-2

- %Gwpa (W™ (%)% + (p")"wP®) 9,071
. 5 o1
ZMI = m<’7ﬂ ‘Zﬁﬂﬁg’(xj)

6 —2id —ieF,
~ —552%57r05w <f)/7r — 7 151“//)6 (wuu<p0)po¢ + (pO)/wwpa) aaaaﬂo ( )990(80%90 ap%g) w>

_ele»U _Z v v . . o . 2] 0 7/ ].
- Téuvm{m(qﬂ% —q"el) (g —k)ai(q — k)7 -i(k € — W%) : MQMQ_—M
[gegso(M 2 — k) 4 9ok Ok, — g0k ke — g5 90 (M7 — K?) — g5k ky + g5k k]

o . . o /1.0 0 i 1
L @ = ae) ila = Raila = R iK' — k7€) -

(9690 (M} — K?) + ghk ky — gk kg — ghgs(My — k) — gy k*k, + gUk" ko | }

z'elev 1 v v o « «a [e}
T FMMEM m{@“% — ¢ L)@ — Kale — k)7 [(We5 — RO)M, — (k]

)M + (€ — g l) (g — R)alq — k)7 [(kie! — R M2 — (el — kbe >M2]}

Iled Fv v v ag a (e
_ W:Mgewpa [(¢"el, — q"€)(q — k)alq — k) (kPe — ke?)
("€l = 67h) (g — K)alg — k)7 (ke — k7 el)]
i
N %6’“"” [45%(q — k)aq"k7elel + 4% (k — q)aq K ele"]
ed, F,
- _%Gaﬁmeﬁgq%oﬂ/fﬁ
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Below the calculation only with VVP,

. 53 .
ZM%/VP = m(ﬂoﬂoﬁﬁ%ﬂw
53 _2Zd1 v o v, .pa o
~ m <PO7TO Teuupa (w,u <p0)p + (pO)u w” )8(18 7TO w>
id, -, P 1 _ ,
= ——F Cupo [E(q%w —q’e;) - . (K7€5 — k%) - My%(q — k)ai(g — k)
—i i 1 , ;
PP =) g (e = ) ila = Rhaita =
42d1 o w v p a_p n v p o a_p
:WGHVPU'(q_k)G(q_k) ’ [q ew'(k e'y_k E'\/)—'—k E'y'(q €y — 4 €w>]
4Zd1 nw v a_p o w v a_p o
= T, MZ ("l (—k€0)(q — k)a(—k7) + ke (—q“el) (g — k)aq”]
4'Ld1 vio o 4Zd1 v o
= Fap gz e K Gk =04 = Be = — gy e R M

Two methods are different from eF),. So we try only VVP terms next.

11.3.2 O%yp
LD dyO%p = ida€ppe({V™, VP7} x )

SET I <{V“”, Vo) (—%)(qﬁx + X¢)>
V2 (VY (x4 )

4M2d
#coefficient = 2

_ 8M2d,
- F

Cuvpo [WW (Po)pa + (PO)WW'OJ} m°
ijpawuu (pO)pJﬂ_O

53
. 2 o 0,0|;p2
IMyyp = —5p067r0(5w (T [iLYyp|w)

= e @ — ) (B K)o
= %GMVPU - 2q"e;, - 2kPe]
- _%Eﬂl’pﬁgezqw{ja
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11.3.3 O3p
L D d3O%yp = d3€po ({V V', VP u?)

~ d3€pupo <{VQV’“’, veey (_§)80¢>
V2d;

# = _TE,Lu/po’ﬂ [aawl“/(po)pa + aO{(,OO)“VCL)pa] 80770
2d
= =g [0t (07) + 0alp") ] 977"
; 3 63 0,_0y;pr3
IMyyp = m(ﬂ T [iLyyp|w)
& 0,0 2id v( 0\pa 0\uv, pal qo, 0
~ 590m0%w <P T Cupo (00w (P°)7* + 0 (p°) " wP*] 07
22d3 ) —t v v i «@ « i o
= T Cuweo {(—Z)qa ’ E(QMGW —q"€;) - M, (K7€ — k%) - M (¢ —k)
) ¢ v v —1 « « i o
ke - T (e — Re) - (el — gel) - ~—(a — k) }
2ids vy o o p - wv o o\ o
= e [9a(0"€ = ') - (SR (=R)7 — Ra(k¥e] — K7 (—q" e )0’
4id
= gy (R k)
dids oo
= —Weuylm({gﬁyqﬂk : (Mi — MT%)
11.3.4  Oivp

L D dyOip = ds€ppo ({VVH VP  u,)

s v (0)) o

Because €,,,00° V" o €0 [K7k* €, — k7kVe!] = 0, the product of two momenta with indices
inside Levi-Civita symbol equals to 0.

11.3.5  Lyvp

Total Lagrangian of VVP terms is the sum of each term,

4
Lyvp =Y duO%yp

a=1

namely the total £;. Multiply £, and we get the final scattering amplitude.
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, &
MNP =5 5705

= iMyyp + iMPyp + iMyp + iMiyp

died, F, 32icF,d
_ (_FZ]\Z e Sk Mg) N (—%ewoegezq%“ | Mﬁ)

(p°7°iLyvp|w)

_ dieF,dy
diedy F,
= FM 1M2 EangEwEWQPk’U [(dl + 8d2 — dg)Mz + dgMj]

11.3.6 Discussion

Herein, we validate that |p°) (p°| would introduce eF,.

out (YT |whin =out (V]0°) ("7 |w)in = (V]iT2|p") (p"7°|iT1 |w) = (ya°[iTyiT3|w)

) 2V, QU — )y =
) = 100 )
[(p%)P> 4+ (p°)] with (p°], as well as (p%)g, with [p°). Take (p°)?*(p°)g, as an instance, (the same
procedure for (p°)*(p°),, by changing indices.)

. <p0| (pO)pa(pO)ew ’p0>
= i(kPe* — k%€’) - (—i)(koe, — kop€n)
= (ke ak‘gew — kPe%kyeg — k€ kge, + k€ k€p)

(P")op (0" % — 0°e7”)

Ly D

= (kPe* — k%€”)kpe, — (KPe* — k%€”)kyeq
~ (kPe* — k%€’) gy koky — (KPe™ — k:o‘e”)gf,kgkg
= (kPe* — ke’ )M? — (kP — k“e?)k?
= 2kPe (M2 k%)
(M? — k?) in the final result vanishes due to ﬁ, and the latter was introduced by Feynman

propagator, with the minus symbol from ) € 1€ = G- Moreover, coefficient 2 vanishes by eF =

leaving eF, only. Note that ~ refers to € replaced by kg, like that in Ward identity. With on- shell
relation m? = k?, we write M2 — k2.
Certainly, the result would always be the same as tensor propagators.

j1h% po
O Wi (), Woo ()} 0)

1 d4]{;€_1k($ Y) ) ,
=302 | @i i) et O =)+ uohobo = gukiky = (1 )
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12 Summary

12.1 Process of calculation
Peskin:
1. Draw Feynman diagrams, designate momenta etc;
2. Determine initial and final states, write eq. 4.71 and 4.73;
3. Write M according to Feynman rules;
4. Calculate M by trace tech;
Primer:
1. Determine Lagrangian terms according to the symmetry;
2. Calculate VJP and VVP terms;
3. Obtain correlation function by functional derivatives;

4. Add all terms to get the total scattering amplitude;

12.2 Functionals and Local Functional Derivatives

Appendix B. of Primer.

Local functional derivatives are natural generalizaiton so f classical partial derivatives to infinite
dimensions. Let .# denote the set of all functions j : R — K(K = R or C). A real (complex)
functional is a map j — Z [j] from .% to R (C), which assigns a real (complex) number to Z [j]
to each function j. A typical example is given by an integral of the type

sz/w@mm

with ¢ an integrable function. Let j be a function of two sets of variables, collectively denoted by
x and y; F [j(y)] denotes a functional which depends on the values of j for all = at fixed y.
Consider a definition of partial functional derivatives based on the Dirac delta function,

5 R" - R
Y w e dy(a) = 0"(x — y)

In terms of the Dirac delta function the partial functional derivative is defined as

OF[f] _ i FIf+e3,] = F[f]

= lim

0f(y) 0 €
Partial functional derivatives share basic properties with ordinary partial derivatives, namely
linearity & product rule & chain rule.

(B.1)
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Define f(y) as the functional
f0) =B 1) = [ @8- 1)

and then apply B.1. An important rule for the local functional derivative of a function is

0fY) _ snpy o

Analogously we have

SglfW)l o )
5fa) 0"y —x)g" [f ()]

Sl )
ST oy~ O Wm0ty —a)g® [f ()

Consider the generating functional of Green functions as partial functional derivatives

Gl ) = (O[T [(21) - - ¢(2)]] 0)

of a real scalar field operator ¢ whose dynamics is determined by a Lagrangian % = j(z)¢(x).

Note
d"f

1
f(a:):a0+a1m+§a2x2+--- = %(x—O):an

the generating functional for the Green functions G,, is given by

exp(iZ [j]) = <O‘Texp lz'/d%fext(x)] ’ 0>
— 141 [ diaja)(0]o()]0) S [t dngten) i) 01T (6w) - 6] )

k=2
Some remarks:
1. Sometimes exp(i¢Z [j]) written as Z [j], and Z [j] as W [j] ... ...
2. j represents a function and can thus be taken out of the matrix element.

3. Select the proper expansion of order for Green functions, i.e. second order for G

e 0%exp(iZ [4])
Golonm) = e i) |,

52



Part IV
ee to pi pi eta

Ref: Dai, Ling Yun, Jorge Portolés, and Olga Shekhovtsova. “Three pseudoscalar meson produc-
tion in e+ e annihilation.” Physical Review D 88.5 (2013): 056001.

13 Feynman diagrams

14 Notions & Parameters

14.1 Form factors

M?", the amplitude for the process, with hadronic matrix element 7}

4 4
M = =25k (k) = —g AFY - €kt KSR O(K )y u(k)
T = (7t (k)7 (ka)n(ks) | T™e 0P| 0)
In elementary particle physics and mathematical physics, a form factor is a function that encap-

sulates the properties of a certain particle interaction w/o including all of the underlying physics,
but instead, providing the momentum dependence of suitable matrix elements.

(7 (k)7 (ko )m(ks) | TSP | 0) = i F{H(Q7, 5,1) - €uapk kS ks

Here the Mandelstam variables:

Q=k+k¥ Fou=vVQ s=(Q-k) t=(Q-k) u=Q +2ml+m)—s—t
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The final result is furnished by the sum of four diagram contributions as:
FNQ? s,t) = F) + F) + F! + F]

The amplitude for three-meson production in e~e™ collisions at low energies is dominantly
driven by the electromagnetic current below:

. Y
T =V, + VS/\/g (V; = qwg(z>
N )8
= qu?q + QVuEQ/ﬁ
1 1 0 0 ([ 100 1 2 0 0
:§cj% 0 -1 0 +§ 01 0 q:§cﬁu 0 -1 0 q
0 0 O 00 -2 0 0 -1

14.2 Lagrangians
Lryr =LGy + L)) + Ly

GB xPT I 2< o
Loy =Ly = {war +x4)
LN,
12 CQ\/;GWPU < DI DI Dy° >

1
L"km + »Cmt (_5 <VAV)\,U,VVVV'LL> + ZM{% <VWV’“’>> + L(Q) + LX;) + E?/;)/

( B 1Gy
Lo ==Vl +—%
@ 2\/§< ) \/§

Z 2 O] JP+Z =B O{/PPP
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. 1”"W1p"m—2@'21”"
Z%W<{75(:fpo) ’75(:fpo) }<f*”Mf§%<:’?%)>

_ o

e P )
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T = <7T+(k1)ﬂ_(k2)77(’€3) g Y (P~ 90 t") - daOp - pas 0>
_ <m—n ‘—Ji‘“ O ot — ") 2% €y (PP 7 P7) g0 P~ o>
= %‘ﬁ;wewm (rtmn| = T (0P — 0727 {m 9695 — (w e v)]-
i L9895 (00 1]+ v 0 o] w05 0) + (09~ o) ~ 00)
— M%WGMVPU <7r+7r_77’ - W%MQQ@”%“ - M;i_ 88P7T+8"7T_ X 2[uv <> po] x 2{---}
64Gly Fydy M2 64v/3iGy Fyda M€,

€pvpo (—1QV )ik ikS =

ki kakg

T VBE(M2 - Q2)(M2 — 5) 3F3 (M2 — Q) (M2 — s)

643Gy Fydy M}
- BF(ME - Q)(M7 - s)

Fj(2)

15.4.3 O3
O%/VP = €upo ({Va V", VP u?)

pv pex

~ €,vp0 o = . . y T = - . T /7 ’ j
he V2 T o V2 o POV Ty
—E;,LV,DU' (aap‘ul/ . ppa . aa’n + ppa . aap,ul/ . aO'n)

T VBF
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erFV

72 o (00 ® — 072077 - dzO%p - prpd* 701

T = <7T+(k1)7r‘(kz)n(k3)

o)
eG F _d €uvpo UV _pa 0o o v Qo -
= (ntm | - T ;2 L pop (07t — 890%9)% (Dup!™ pP20° 1 + PP 00 0°n) - prgd* TP |0
—dzeGy Fy _ o/ o o i(ghgy — gkas) (9895 — g59%)
DY T A G R A A A R U L v s oy g

i (9695 — 9596 (9795 — 9595) . _
( g Do, | 0 0 (0) + {(w ~ AB)(per ~ 0p)}
P o
—4i¥ e/ (0PTT O — 0%t o)
M2 —Q? M? —s

p

em
_ju .

+

—ds3eGy Fy
_ 3y qupg <7T+7T77]‘ i j:,m {(aa)

V3FS

2%(PA — PP | 2T r)
Vgt ) T o0+ (A8~ )
4d3€GvFv€u,,pg

- VBF3 (M2 — Q%) (M2 — 5) (mn| T [(0a)0" (0P m 0%~ — 0% 07
p p

—l—@o‘yi“(@a)a”ﬂ*@pwf} n0) +{--}

B \/EF_(?\ZG—SXM 5y (1Qu) (") - (GRTikg — ihFikE) + (—iQ)ilhy - ko)) 1T + (-~
B ﬁF_fﬂj fvé??‘?&ié’_ 5y (RS Qs — RTASKS Qo — KTAZKSQ® (b + ka)o) + ()
- \/gpsll(%]\?;fg;?g@ ~ ) KYKSES [Qak® + Qakd + (k1 + k2)aQ] + {---}
- ﬁFB%ﬁG—V gxM 5 FRS | - 20k k) = [-]-20(Q — k)
8ids Gy Fy €,1po

:["']'[QQ_kg—(Q—k?))ﬂ

— V1.PL.0 . 2 2
" VBR - Qi @

8v/3dsGy F
FO) = smn - gz —s (@ 7t

15.4.4 Ofyp
Oyvp = €upe ({VIVH VP uy)

~ Cuvpo <{aavuu’ Vpa} <_\/?§ a¢>> =0
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15.5 Brief summary

pro _—Ne

¢ 12y/372F3

8\/6FV 2 2 2 2 2
By = 3My F3(M? — Q) [(91 — g3) (s — 2m2) 4 g2(25 — Q* + m. — 2m?2) + (294 + g5)m7]
—4/6G
Bl = 3MVF3(MP2V— 5) [c1(Q% +m) — 5) — 2(Q* —m — 5) + 8csm? + ¢5(Q° — m) + 5) — 2¢gs]
F;

F— 8V3Gy Fy [dlmi 4 8dym? + da(Q? — m727 +5)]

T 3P — Q) (M2 — )

16 Calculations w/ mixing angles

Previously, form factors are calculated without considering mixing angles, which is quite ideal
but not compatible with reality. Indeed, there are three mixing modes that we would take into
account in the following mention, including:

17 — 1’ mixing,

cosfp —sinf .
( 7777/ ) - ( sin Hjlj Cos 9PP ) ( Zi ) ~ 1 = cosOpns = sinfpmo
p — W mixing, -
PO\ [ cosd sind p°
@w ) \ —sind cosd w
and wg — wy Mixing

VMS [ costy —sinby bp N ¢\ [ costy —sinby ws
V/? ~ \ sinfy cosby Wy w )\ sinfy cosfOy wo
Therefore, the propagators in the last section should be re-written as

p~ p° = cosdp’ + sind (sin Oy ws + cos Byw)

w e~ w=—sindp’ 4 cos d (sin Oy ws + cos Oy wp)

16.1 F)
Note: SU(3) is replace by U(3),

778/\/6+770/\/§ :
q>—><I)+770/\/§'1: : s/ V6 +10/V3 :
: : n0/V'3 — 2ns/V/6

ki)™ (ko)n(ks) |\7;m€MQCD‘ 0) ~ (rtn ’jim ' Z[:QCD| 0)
7t (cosOpns — sinbpnp) |-+ -|0) = cosfp (wF 7 s |---[0) —sinfp (7 7 1 |---]0)

3

3
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Previously, we got F)! = —12\[ 75 (from 1s/v/6). Thus for 1y/v/3 we have to add a coefficient

V2, then writing the following result:

F = Ne

a —W(COSHP—ﬁSiHQP)

16.2 VPPP, F

For VPPP terms, review the form factor without mixing angles at first:

AL
M, F3(M2 — Q?) 1Y

Fl = 1 —g3)(s — 2m2) + g2(25 — Q* +m —2m2) + (294 + g5)m?]

Herein, other mixing should be taken into consideration apart from the n — 1’ one, due to the
propagator p. Introduce new parameter:

Gry = (Q% 8) = (g1 + 292 — g3) (s — 2m2) + go(—Q* + 2m2 + m?2) + (294 + gs)m

as well as the modified Fy, for p°(770) and w(782), proportional to pseudo=scalar masses,

8\/§avmi>

Fr— Fy |1
1% V<+ M‘Q/

and that for ¢(1020)

8v2 2m2. — m?2
Fv—)FV <1+ \/_CYV( MK mﬂ-))

My
Also, we introduce widths of intermediate mesons at the same time. (Breit Wigner formula)

1
ME —ily(z)My —

BW [V,a] =

furthermore, up to around E ~ 2GeV, we have to include heavier resonances, including p(1450) (V")
and p(1700)(V"), with the following substitutions in the form factor

BWg[P,V,z] = BW [V,z] + fpBW [V, ] + SpBW [V" ]

where ' and (" are unknown real parameters related to the strength of the coupling of the V'

and V" multiplets. Thus
1
e oy 7 BWR [napa QQ]
M2 — Q?

T = (7t (k)™ (ka)n(ks) | T et 0on| 0) & (n ¥ a7y [T - ilyppp - 1] 0)

and for the latter £ = 335 (Vi [17) + ¢ (Vipurn”) D J5% (Vi 1),
o 2 0 0
F /1 (7 <—ze) eFy
(= . —p . A==)10 -1 0 |@&"-—"a"))=-""Lp, (0"a"—0" "
2\/§<\/§ ..po 3 00_1( ) 5 P )
ny
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Wo . . _
B <i W (ﬁ) 0 -1 0 (8“@7”—6”42%“)>:0

22\ V3 w/), P\ 0 -1
wg . : 2 0 0
£%<%§ EWB_%g -<%?) 85191(w¢h¢ww»=—;%@@Jmﬁuy
However, only p° would survive for VPPP terms. So for the propagator with p° at the beginning
p_o ~ COS 5,00 + sin J sin Oy wy w = —sin 5p0 + cos ¢ sin Oy wg
but in the end
P ~ cos §p" @ ~ —sindp°

Finally, with » — 7’ mixing mentioned above, we combine and furnish new form factor for VPPP

SVBFy (14 22 ) X
My Gr (Q2 s)s BWg [77 p Qg} - cosd(cosd + —=sin d sin Oy)
3My F3 e e V3

+BWg [n,w, Q%] - (—sind)(—sind + % cos 0 sin HV)} (cosfp — V/2sinfp)

F =

16.3 VJP, Fl
pn — [cos §p" + sin 6 (sin Oy-wg + cos vao)} (cosOpng — sinOpnp)
= cosdcosfp - p'ng — cos§sinfp - p°ny + sin § sin Oy cos Op - wsns
—sind sin By sin Op - wgny + sin d cos Oy cos Op - wong — sin d cos By sin Op - wono

wn — [— sin §p” + cos 0 (sin Oy ws + cos vao)] (cos @png — sinOpng)
= —sinédcosfp - p’ns + sindsinfp - p’ny + cos I sin By cos Op - wsns

— cos 0 sin By sinOp - wgng + cos d cos by cos Op - wons — cos d cos By sinOp - wengy
Note: only p° could furnish non-zero result for so-called “VPP” vertex

Fy 1Gy 1Gy

Loy = 575 Viwfl) + 5 V') 5 2 (Vi)
0 4+
) 1 p ) ) 9 ntr ) )
:%<E .= -ﬁa“ﬁ" . Tt >
) . 0 ) . 0
v
24/2
= \/_(po)wa“ﬂa”f

F2

so only need to add cos d for p propagator or —sind for w propagator.
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16.3.1 VJP 1256

Note for VJP, we focus on {V*, f¥*} V,u?, since such a structure often appears ...

O\I/JP = Cupo ({V!, f17} Vau?)

2p° 2wg 2wo g 8 0

T+ +52 =+ =

~4\/§e€ (877 — 0°27") { dia, \{3_%_w_86_‘*’_03 - 0,07 dia %—E—I—\W/—E
~ 3F Hyvpo g ﬁQ 6 \/g @ g %é \{7%
V6 T Vi TR

4+/2e

= o o (07" = ") (p“ns/ V3 42010/ V6 + wstgs /3 + V/2wsio /3 + V2uwons /3 + 2woro /3

+ p%ns/2V'3 + pPno/ V6 — wsns /6 — wsto/3V2 — wons /3V/2 — woro /3
uv
+\/§w8n0/3 - 2w8n8/3 - CL)(]T]()/?) + \/§W0778/3) s 8,18"

4/2e o o V3 ovuwn ae. , V6 1 V2 V2
- 3—F€uupa(ap£{ —0%d?) (T(PO)“ 00,015 + TPOUO - §w8778 + 7w8770 + 7000778

# neglect some pv and 0,07 for convenience.

O%/JP = Euup0<{vlm7 Jlia} Vauy>

= 4_\/566“%0(313%0 — 07 d") (

| S

(PO)Waaayﬁs + TPOUO - §W8778 + 7W8770 + 7W0778

3F
O%/JP = €po ({Va V", ia} u”)
4+/2¢

- S—Feuvpcr(ap%a — 0°e/?) (

O{S/JP = Euvm({vavuaa fﬁg} u”)

= 4—\/56euypg(8”d” — 07 d") (

NG 1 V2 V2 )

D (p”) 0 ns + 5 P T — 5Wslls + 5 Wl + 5 Wolls

| %

\/601\/5\@)

| %

Do (P 01 + ——p"no — =wsMs + ~——wsNo + ~——wols

2 2 2 2

i, 1 i3
3F

Insert pn mixing angles into the big parentheses for p propagator:

VB oo i, 1 BB

E— O R _— — E— E—
( 5 (p")ns + 5 P Mo 2W8778+ 5 wsMo + 5 woﬂs)

1 2 2
—>7 cosd cosbp — 76 cosdsinfp — 3 sin 9 sin By cos 0p — 5 sin 0 sin By sin 0p + 5 sin 0 cos By cos 0p
= {\/gcos d(cosbp — \/§Sin0p) +sind [\/écos Oy cosOp — /2 sin By sin Op — sin Oy cos HP] } /2
= {\/gcos d(cosbOp — \/§sin9p) +sind [ﬁcos Oy cosOp — sin By (cosOp + \/§sin«9p)] } /2
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Similarly, for w as propagator, insert mixing angles by replacing cosd to — sind, and sind to cos .

<\/§0\/601 v ﬂ)

7('0 )ns + TP No — 5608778 + 70‘)8770 + TWOHS

— {—\/gsiné(cos 0p — V/2sin 0p) + cosd [\/Ecosé’v cosfp — sin Oy (cosp + \/Esinep)} } /2

Review the case w/o mixing angles

_4\/6GV 2 2 2 2 2 2
Fn = 0, P00 —5) [c1(Q% +mi — 5) — 2(Q* —m — s) + 8csm? + ¢5(Q° — m) + 5) — 2¢gs]

we follow the substitutions below

— BWR [T],M,S]

— BW
MQ—S R[T]7p78] ME)—S

p

and introduce
CRnl(Q27xa m2) =(c; —co+ C5)Q2 —(c1 —ca— 5+ 2¢6)x + (1 + 2 — c5)m

By comparing with ideal mixing angles, we re-find the coefficient: (Note two propagators)

—4+/2G
Floss = ﬁ cos ) {\/gcos 5(cosBp — V2sinfp) + sin [\/icos Oy cosOp

—sin 0y (cos Op + V2sin Qp)} } - BWg [, p, 8] Crn (Q°, 5,m?)
—4V2Gy . .
ML sin 0 {—\/58111(5((:03 Op — V/2sin 0p) + cosd [\/ﬁcosﬁv cosOp
—sin @y (cosOp + V2sin QP)} } - BWg[n,w, s C’Rnl(QQ, s, m%)

16.3.2 VJP 3

24/2i
O:\S/JP = i€uupa<{vuy7 —ﬁa} X*> = Zf;wpa <{VMV U} ’ (_ \]{:Z)¢X>

200 | 2ws 4 2w \ M ER
o o p w, w
Y eyypg(agz% —07.4") 752__86_7% %EJFQV% , 2m7r )
2ws _ wo mo_9mns m2 —m
Ve YERINC oo
_ —8V2e s V3 6 5 V2 V2 2
EYS o Cuvpe (0P A7 — 07 P) [mfr <7:00778 + ——p"no + 6w8778 - ?Wsno - Fwoﬁs + gwoﬁo
2¢/2 4 2 21/2
+mi <TW8770 — 3Ws’ls — 3ol + 5 Wolls ]

Note that m?% is taken into consideration here.
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Then, insert mixing angles again for p propagator

[m2 (--) +m% ()]

s

3 6 5 2
—>m72r (£ cosd coslp — \/7— cosdsinfp + 5 sin d sin 0y, cos O0p + 5 sin 0 sin By sin 0p

2 2
—£ sin d cos By cos Op — 3 sin d cos By sin 0p>

24/2 4 2 24/2
+m3 (—L— sin d sin By sin @p — — sin d sin 6y, cos Op + gSiH(SCOSQV sinfp + Tsinécosﬁv cos@;»)

2
M [3\/§COS d(cosbOp — V2 sin Op) + sin d (5 sin 8y cos @p — 4 cos Oy sinOp — \/icos(é’v + 9p)>]

6
2

+ % -4sind [\/ﬁcos(é’v + 0p) — 2sin by cos Op + cos Oy sin Hp]
= const(A)/6

Similarly, replace cosd by —sind and sind by cosf for w propagator, and suppose the result as

const(B)/6. Introduce Cry2 = 8cs, we can write

—4V2G .
= WF?)V {cosd - const(A) - BWg [n, p,s] —sind - const(B) - BWg [n,w, s]} Crp2

16.4 VVP, F/
O\I/VP = em,pg({V‘“’, VPV au?)

PO ws wo wy PO ws wo pa 78 10
93 Vi Vet s 2t %t NARIRVE
==V, _pl 4w owo | 2wy owo 9.0° | B4 m
r Hee V2 ' V6 3 V2 V6 3 @ V6 V3
_2ws 4 wo _2ws | wo Mo _ 918

V6 3 diag 6 3 diag V3 V6 diag

—2v?2
= T\/_qug x coefficients
with the corresponding coefficients listed below. (left for ng, right for )

2\1 | p¥  ws  wo 2\1 | p¥ ws wo
P % 0 0 o° \/lg 0 0
V24 2
wg | 0 — i/g 7 wg | 0 73 (2)
w | 0 &= 0 w | 00 Z&

Also, there would be the same coefficients for Ofyp = €0 ({ VoV, VP } u?).
However, mass terms would be introduced for O%yp = i€,,0 ({V*, V7 } x_)
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O\QIVP = 2.e;w,oa<{‘/lw> Vpa} X—>

2 4 Y8 Yo v 2 4 Y8 Yo e
—4:/2i V2 V6 3 V2 Ve VB
— € Pl 4 ws L owo Pl 4 ws L owo
) A V2 V6 VB v2_ Ve VB
—2ws 4 wo —2ws 4 wo
V6 3 diag V6 V3 diag

st M2 0 0

Z+ 5 0 M; ) 0 ) >

no. __ o9mng —

Book ) N0 0 2MF -

—2v?2
= €uvpo X coefficients
with the corresponding coefficients listed below. (left for ng, right for )

2\1 pO ws Wo

P | EM2 0 0

ws | 0 2Z(5M2—8M2) @ (AM2 — M?2)

wo | 0 SS(AMR — M7 PR(ME— M)

2\1 p() ws Wo
P ZME 0 0

o |0 g R

wp | 0 PRMZ- M) SPA(M?+2Mf)

Finally, with the help of Mathematica, we can derive complet form factors with mixing angles.
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