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Abstract

For the sake of further and better understanding of QFT, an internship launched in
Hunan University, focusing on Chiral Perturbation Theory in order to calculate the scattering
amplitude for processes. Herein, there are brief reviews of Peskin’s “An Introduction to
Quantum Field Theory”, as well as Stefan Scherer and Matthias R. Schindler’s “A Primer
for Chiral Perturbation Theory”. Then taken as the practice, two procedures ω → πγ
and e−e+ → π+π−η were treated by ChPT, for the scattering amplitude and form factors,
respectively. Later, we are eager to figure out the state mixing for the second process.
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Part I

QFT - Peskin
Ref: “An Introduction to Quantum Field Theory” of Peskin

1 Fields and propagators

1.1 K-G propagators

In the Heisenberg picture, the amplitude for a particule to propagate from y to x is 〈0|φ(x)φ(y)|0〉;
we call this quantity D(x− y).

D(x− y) ≡ 〈0|φ(x)φ(y)|0〉

Quantization of K-G field shown below:

φ(x) =

∫
d3p

(2π)3

1√
2Ep

(
âpe

ip·x + â†pe
−ip·x) (2.25)

φ(x) = φ(x, t) = eiHtφ(x)e−iHt (2.43)

φ(x, t) =

∫
d3p

(2π)3

1√
2Ep

(
âpe

−ip·x + â†pe
+ip·x)∣∣∣∣∣

p0=Ep

(2.47)

Notice â†pe
−ip·x in eq. 2.25 but â†pe

+ip·x in 2.47.

D(x− y) ≡ 〈0|φ(x)φ(y)|0〉 = 〈0|âpâ†q|0〉 =

∫
d3p

(2π)3

1

2Ep

e−ip·(x−y)

DR(x − y) is a Green’s function of the K-G operator. Since it vanishes for x0 < y0, it is the
retarded Green’s function.

〈0| [φ(x), φ(y)] |0〉 = D(x− y)−D(y − x)

{
= 0 spacelike

6= 0 timelike

〈0| [φ(x), φ(y)] |0〉 =

∫
d3p

(2π)3

1

2Ep

(
e−ip·(x−y) − e+ip·(x−y)

)
=

∫
d3p

(2π)3

{
1

+2Ep

e−ip·(x−y)

∣∣∣∣
p0=+Ep

+
1

−2Ep

e−ip·(x−y)

∣∣∣∣
p0=−Ep

}
x0>y0

=====

∫
d3p

(2π)3

∫
dp0

2πi

−1

p2 −m2
e−ip·(x−y)

DR(x− y) ≡ θ(x0 − y0)〈0| [φ(x), φ(y)] |0〉
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where θ(x0 − y0) is Heaviside function, whose derivative is Dirac function (distribution). By
Fourier transform, we have:

(∂2 +m2)DR(x− y) = −iδ(4)(x− y) ⇒ (−p2 +m2)D̃R(p) = −i

DR(x− y) ≡ θ(x0 − y0)〈0| [φ(x), φ(y)] |0〉 =

∫
d4p

(2π)4

i

p2 −m2
e−ip·(x−y)

In order to avoid the singularity, we add +iε on the denominator, obtaining DF (x− y), which
is a Green’s function of the K-G operator. The Green’s function DF (x− y) is called the Feynman
propagator for a K-G particles.

DF (x− y) ≡
∫

d4p

(2π)4

i

p2 −m2 + iε
e−ip·(x−y)

DF (x− y) =

{
D(x− y) for x0 > y0

D(y − x) for x0 < y0

= θ(x0 − y0)〈0|φ(x)φ(y)|0〉+ θ(y0 − x0)〈0|φ(y)φ(x)|0〉
≡ 〈0|Tφ(x)φ(y)|0〉

”time-ordering” symbol T , instructs us to place the operators in order w/ the latest to the left.

1.2 Perturbation Expansion of Correlation Functions

• |0〉, ground state of the free theory;
• |Ω〉, ground state of the interacting theory;
• 〈Ω|Tφ(x)φ(y)|Ω〉, two-point correlation function/ two-point Green’s functions.

In the Heisenberg picture/field

φ(x) = eiHtφ(~x)e−iHt (4.13)

φ(t, ~x) = eiH(t−t0)φ(t0, ~x)e−iH(t−t0)

Hamiltonian of φ4 theory

H = H0 +Hint = HK−G +

∫
d3x

λ

4!
φ4(~x) (4.12)

for λ = 0, H becomes H0

φ(t, ~x)|λ=0 = eiH0(t−t0)φ(t0, ~x)e−iH0(t−t0) ≡ φI(t, ~x) (4.14)

when λ small, this expression will still give the most important part of the time dependence of
φ(x), then φI(t, ~x) called

:::
the

::::::::::::
interaction

::::::::
picture

:::::
field.

φI(t, ~x) =

∫
d3p

(2π)3

1√
2Ep

(
âpe

−ip·x + â†pe
+ip·x)∣∣∣∣∣

x0=t−t0

(4.15)
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* First, express φ by φI .

φ(t, ~x) = e+iH(t−t0)φ(t0, ~x)e−iH(t−t0)

∼= e+iH(t−t0)e−iH0(t−t0)φI(t0, ~x)e+iH0(t−t0)e−iH(t−t0)

≡ U †(t, t0)φI(t, ~x)U(t, t0)

(4.16)

where U(t, t0) is the interaction picture propagator time-evolution operator:

U(t, t0) = e+iH0(t−t0)e−iH(t−t0)

U †(t, t0) = e+iH(t−t0)e−iH0(t−t0)
(4.17)

* Then calculate the derivative of U(t, t0) to derive it from φI

i
∂

∂t
U(t, t0) = e+iH0(t−t0)(H −H0)e−iH(t−t0)

=
[
e+iH0(t−t0)(Hint)e

−iH0(t−t0)
]
·
[
e+iH0(t−t0)e−iH(t−t0)

]
= HI(t) · U(t, t0)

(4.18)

HI(t) is Hamiltonian for interaction, as a function of φI :

HI(t) = e+iH0(t−t0)(Hint)e
−iH0(t−t0) =

∫
d3x

λ

4!
φ4
I (4.20)

Note we could not integrate eq. 4.18 directly, expanding that with series instead,

U(t, t0) = 1 + (−i)
∫ t

t0

dt1HI(t1) + (−i)2

∫ t

t0

dt1

∫ t1

t0

dt2HI(t1)HI(t2)

+ (−i)3

∫ t

t0

dt1

∫ t1

t0

dt2

∫ t2

t0

dt3HI(t1)HI(t2)HI(t3) + · · ·

= 1 + (−i)
∫ t

t0

dt1HI(t1) +
(−i)2

2!

∫ t

t0

dt1

∫ t1

t0

dt2T {HI(t1)HI(t2)}+ · · ·

≡ T

{
exp

[
−i
∫ t

t0

dt′HI(t
′)

]}
(4.22)

* Next derive |Ω〉 (ground state of the interacting theory) from |0〉(ground state of the free
theory). Suppose 〈Ω|0〉 6= 0, En is eigenvalues of H, E0 ≡ 〈Ω|H|Ω〉

e−iHT |0〉 =
∑
n

e−iEnT |n〉 〈n|0〉

e−iHT |0〉 = e−iE0T |Ω〉 〈Ω|0〉+
∑
n6=0

e−iEnT |n〉 〈n|0〉 ' e−iE0T |Ω〉 〈Ω|0〉

|Ω〉 = lim
T→∞(1−iε)

(
e−iE0T 〈Ω|0〉

)−1
e−iHT |0〉

' lim
T→∞(1−iε)

(
e−iE0(T+t0) 〈Ω|0〉

)−1
e−iH(T+t0) |0〉

= lim
T→∞(1−iε)

(
e−iE0(t0−(−T )) 〈Ω|0〉

)−1
e−iH(t0−(−T ))e−iH0(−T−t0) |0〉

= lim
T→∞(1−iε)

(
e−iE0(t0−(−T )) 〈Ω|0〉

)−1
U(t0,−T ) |0〉

(4.28)
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Notice there is an approximation T + t0 ≈ T on the second row. Since Ĥ0|0〉 = 0, we add
e−iH0(−T−t0) in the third row. Similarly, we could write 〈Ω|

〈Ω| = lim
T→∞(1−iε)

〈0|U(T, t0)
(
e−iE0(T−t0) 〈0|Ω〉

)−1
(4.29)

According to normalization, 〈Ω|Ω〉 =
[
|〈0|Ω〉|2 e−iE0(2T )

]−1 〈0|U(T, t0)U(t0,−T )|0〉 = 1. Finally,
we could get 〈Ω|φ(x)φ(y)|Ω〉

〈Ω|φ(x)φ(y)|Ω〉 = lim
T→∞(1−iε)

(
e−iE0(T−t0) 〈0|Ω〉

)−1 〈0|U(T, t0)×
[
U(x0, t0)

]†
φI(x)U(x0, t0)

×
[
U(y0, t0)

]†
φI(y)U(y0, t0)× U(t0,−T )

(
e−iE0(t0−(−T )) 〈Ω|0〉

)−1
(4.30)

〈Ω|φ(x)φ(y)|Ω〉 = lim
T→∞(1−iε)

〈0|U(T, x0)φI(x)U(x0, y0)φI(y)U(y0,−T )|0〉
〈0|U(T,−T )|0〉

= lim
T→∞(1−iε)

〈
0
∣∣∣T {φI(x)φI(y) exp

[
−i
∫ T
−T dtHI(t)

]}∣∣∣ 0〉〈
0
∣∣∣T {exp

[
−i
∫ T
−T dtHI(t)

]}∣∣∣ 0〉
(4.31)

1.3 Wick’s Theorem

Now divide the interaction term into two parts, φ+
I (x) with generation operator and φ−I (x) with

annihilation operator.

φI(x) = φ+
I (x) + φ−I (x) =

∫
d3p

(2π)3

1√
2Ep

âpe
−ip·x +

∫
d3p

(2π)3

1√
2Ep

â†pe
+ip·x (4.32)

Obviously, φ+|0〉 = 0, as well as 〈0|φ− = 0. Consider two fields under time-ordering symbol T :

T {φI(x)φI(y)} x0>y0

===== φ+(x)φ+(y) +
{
φ+(x)φ−(y)

}
+ φ−(x)φ+(y) + φ−(x)φ−(y)

= φ+(x)φ+(y) +
{
φ−(y)φ+(x) +

[
φ+(x), φ−(y)

]}
+ φ−(x)φ+(y) + φ−(x)φ−(y)

Define the contraction of two fields, it just equals to Feynman propagator

φ(x)φ(y) =

{[
φ+(x), φ−(y)

]
x0 > y0[

φ+(y), φ−(x)
]

x0 < y0
= DF (x− y)

Define the normal-ordering symbol NN(âpâ
†
kâq) = â†kâpâq. Note any initial or final state

treated by such a result would vanish! Therefore, we find the relation between time-ordering
symbol T and contractions, which is Wick’s Theorem.

T {φ(x1)φ(x2) · · ·φ(xm)} = N {φ(x1)φ(x2) · · ·φ(xm) + all possible contractions}

Consider four fields under time-ordering symbol for example:

〈0|T {φ1φ2φ3φ4} |0〉 = DF (x1−x2)DF (x3−x4)+DF (x1−x3)DF (x2−x4)+DF (x1−x4)DF (x2−x3)

As for φ4 theory, we have to introduct four φ in one-order perturbation. According to the
fundamentals of permutation, the number of fully contracted terms is equal to (4 + 1)!! = 15,
(8 + 1)!! = 945, (12 + 1)!! = 135135 for order 1, 2, 3 respectively.
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1.4 Dirac propagators

Review Dirac fields and related equation∑
s

us(p)ūs(p) = γ · p+m = �p+m (3.66)

∑
s

vs(p)v̄s(p) = γ · p−m = �p−m (3.67)

Here is Quantization of the Dirac field

ψ(x) =

∫
d3p

(2π)3

1√
2Ep

∑
s

(
âspu

s(p)e−ip·x + b̂sp
†vs(p)e+ip·x

)
(3.99)

ψ̄(x) =

∫
d3p

(2π)3

1√
2Ep

∑
s

(
b̂spv̄

s(p)e−ip·x + âsp
†ūs(p)e+ip·x

)
(3.100)

Propagation amplitude of Dirac field:

〈0|ψa(x)ψ̄b(y)|0〉 =

∫
d3p

(2π)3

1

2Ep

∑
s

usa(p)ū
s
b(p)e

−ip·(x−y)

= (i��∂x +m)ab

∫
d3p

(2π)3

1

2Ep

e−ip·(x−y)

(3.114)

〈0|ψ̄b(y)ψa(x)|0〉 =

∫
d3p

(2π)3

1

2Ep

∑
s

vsa(p)v̄
s
b(p)e

+ip·(x−y)

= −(i��∂x +m)ab

∫
d3p

(2π)3

1

2Ep

e−ip·(y−x)

(3.115)

Define Retarded Green’s function:

SabR (x− y) ≡ θ(x0 − y0)〈0|
{
ψa(x), ψ̄b(y)

}
|0〉 (3.116)

It’s easy to validate that

SR(x− y) = (i��∂x +m)DR(x− y) = (i��∂x +m)θ(x0 − y0)〈0| [φ(x)φ(y)] |0〉 (3.117)

SR is a Green’s function of the Dirac operator

(i��∂x −m)SR(x− y) = iδ(4)(x− y) · 14×4 (3.118)

iδ(4)(x− y) =

∫
d4p

(2π)4
(�p−m)e−ip·(x−y)S̃R(p) (3.119)

S̃R(p) =
i

�p−m
=
i(�p+m)

p2 −m2
(3.120)
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Also, we add iε again.

SF (x− y) =

∫
d4p

(2π)4

i(�p+m)

p2 −m2 + iε
e−ip·(x−y) =

{
+ 〈0|ψ(x)ψ̄(y)|0〉 x0 > y0

− 〈0|ψ̄(y)ψ(x)|0〉 x0 < y0 (3.121)

Next, apply time-ordering symbol on Dirac fields:

T
[
ψ(x)ψ̄(y)

]
≡

{
+ψ(x)ψ̄(y) x0 > y0

−ψ̄(y)ψ(x) x0 < y0 (4.105)

SF (x− y) = 〈0|T
[
ψ(x)ψ̄(y)

]
|0〉 (4.106)

Note that we should multiply −1. For example, if x0
3 > x0

1 > x0
4 > x0

2, we change positions three
times (1,2)(1,3)(3,4) :

T (ψ1ψ2ψ3ψ4) = (−1)3ψ3ψ1ψ4ψ2

Similar property for normal-ordering symbol N

N(âpâqâ
†
r) = (−1)2â†râpâq = (−1)3â†râqâp

Define contraction, where ψ̄ = ψ†γ0

T
[
ψ(x)ψ̄(y)

]
= N

[
ψ(x)ψ̄(y)

]
+ ψ(x)ψ̄(y) (4.107)

ψ(x)ψ̄(y) ≡

{
+
{
ψ+(x), ψ̄−(y)

}
x0 > y0

−
{
ψ̄+(y), ψ−(x)

}
x0 < y0

= SF (x− y) (4.108)

ψ(x)ψ(y) = ψ̄(x)ψ̄(y) = 0 (4.109)

Define contractions under the normal-ordering symbol N , to include minus signs for operator
interchanges:

N(ψ1ψ2ψ̄3ψ̄4) = −ψ1ψ̄3N(ψ2ψ̄4) = −SF (x1 − x3)N(ψ2ψ̄4)

With these conventions, Wick’s Theorem takes the same form as before:

T (ψ1ψ̄2ψ3 · · · ) = N(ψ1ψ̄2ψ3 · · ·+ all possible contractions)

2 Feynman rules

2.1 Notions

2.1.1 Cross section σ, Decay rate Γ

Rappel: the generalization to higher correlation functions

〈Ω|T [φ(x1) · · ·φ(xn)] |Ω〉 =

(
sum of all connected diagrams

with n external points

)
(4.57)
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Cross section σ is just the total number of events divided by all of these quantities, which has
units of area.

σ ≡ Number of scattering events

Number of partcules
(4.59)

To get the momenta of final-state particles, we have to specify the exact momenta desired, making
σ infinitesimal. Define differential cross section dσ/(d3p1 · · · d3pn), or dσ/dΩ as usual, where Ω is
volume element of momenta space.

The decay rate Γ of an unstable particle into a specified final state is defined as

Γ ≡ Number of decays per unit time

Number of the particule chosen
(4.62)

In nonrelativistic quantum mechanics, an unstable atomic state show up in scattering experiments
as a resonance. Near the resonance energy E0, the scattering amplitude is given by the Breit-
Wigner formula:

f(E) ∝ 1

E − E0 + iΓ/2
(4.63)

therefore the cross section has a peak of the form

σ ∝ 1

(E − E0)2 + Γ2/4

The width of the resonance peak is equal to the decay rate of the unstable state.
In relativistic quantum mechanics, we have

1

p2 −m2 + imΓ
≈ 1

2Ep [p0 − Ep + i(m/Ep)Γ/2]
(4.64)

the decay rate of the unstable particle in a general fram is (m/Ep)Γ.

2.1.2 S-matrix M

Consider a process from two particles to more

out〈p1p2 · · · |kAkB〉in = lim
T→∞
〈p1p2 · · ·︸ ︷︷ ︸

T

|kAkB︸ ︷︷ ︸
−T

〉

= lim
T→∞

〈
p1p2 · · ·

∣∣e−iH(2T )
∣∣kAkB

〉 (4.70)

The in and out states are related by the limit of a sequence of unitary operators. This limiting
unitary operator is called the S-matrix. S = 1 + iT , T -matrix contains interactions.

out〈p1p2 · · · |kAkB〉in ≡ 〈p1p2 · · · |S|kAkB〉 (4.71)

Note that the matrix elements of S should reflect 4-momentum conservation. Therefore, S or T
should always contain a factor δ(4)(kA + kB −

∑
pf ). Define the invariant matrix element M,

namely scattering amplitude, Mif = 〈out|in〉 = 〈final|initial〉

〈p1p2 · · · |iT |kAkB〉 = (2π)4δ(4)(kA + kB −
∑

pf ) · iM(kA, kB → pf ) (4.73)

Note of course all 4-momenta are on mass-shell: p0 = Ep, k
0 = Ek
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on/off-shellhttps://en.wikipedia.org/wiki/On shell and off shell
In physics, particularly in quantum field theory, configurations of a physical system
that satisfy classical equations of motion are called on the mass shell or simply more
often on shell, satisfying E2−|~p|2 = m2; while those that do not are called off the mass
shell, or off shell.

Virtual particles corresponding to internal propagators in a Feynman diagram are
in general allowed to be off shell, but the amplitude for the process will diminish
depending on how far off shell they are. This is because the q2-dependence of the
propagator is determined by the 4-momenta of the incoming and outgoing particles.
The propagator typically has singularities on the mass shell.

M could be derived from T -matrix or S-matrix.

P(AB → 12 · · ·n) =

(∏
f

d3pf
(2π)3

1

2Ef

)
|out 〈p1 · · ·pn|φAφB〉in|

2 (4.74)

dσ =
1

2EA2EB |vA − vB|

(∏
f

d3pf
(2π)3

1

2Ef

)
× |M(pA, pB → {pf})|2 (2π)4δ(4)(pA + pB −

∑
pf )

(4.79)

(
dσ

dΩ

)
CM

=
1

2EA2EB |vA − vB|
|p1|

(2π)24Ecm

|M(pA, pB → p1, p2)|2 (4.84)

σ =

∫
|M|2 dΩ

The definition of Γ assumes that the decaying particle is at rest, so the normalization factor
(2EA)−1 becomes (2mA)−1. Thus the decay rate formula

dΓ =
1

2mA

(∏
f

d3pf
(2π)3

1

2Ef

)
|M(mA → {pf})|2 (2π)4δ(4)(pA −

∑
pf ) (4.86)

with proof in section 7.3.

Γ =
1

2m

∑
f

d
∏
f

|M(p→ f)|2 (7.63)

2.1.3 Why Trace

Here is a brief summary about why we have to calculate Trace of matrices while applying Feynman
rules on M. Take Dirac fields as an example

u(p) =

( √
p · σζ√
p · σ̄ζ

)
(3.50)
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with the corresponding conjugate transposition

u†(p) =
(
ζ†
√
p · σ, ζ†

√
p · σ̄

)
and one scalar obtained by inner product

u†u =
(
ζ†
√
p · σ, ζ†

√
p · σ̄

)
·
( √

p · σζ√
p · σ̄ζ

)
= ζ†
√
p · σ ·√p · σζ+ζ†

√
p · σ̄ ·

√
p · σ̄ζ = 2Epζ

†ζ (3.55)

Change the order of multiplication above. Note that for the same spin ζζ† = 1.

uu† =

( √
p · σζ√
p · σ̄ζ

)
·
(
ζ†
√
p · σ, ζ†

√
p · σ̄

)
=

( √
p · σζ · ζ†√p · σ

√
p · σ̄ζ · ζ†

√
p · σ̄√

p · σζ · ζ†√p · σ
√
p · σ̄ζ · ζ†

√
p · σ̄

)
=

( √
p · σ√p · σ

√
p · σ̄
√
p · σ̄√

p · σ√p · σ
√
p · σ̄
√
p · σ̄

)
the trace just equals to the previous inner product.

Tr(uu†) = Tr

( √
p · σ√p · σ

√
p · σ̄
√
p · σ̄√

p · σ√p · σ
√
p · σ̄
√
p · σ̄

)
=
√
p · σ√p · σ +

√
p · σ̄
√
p · σ̄ = u†u

Moreover, take an instance of Peskin on page 132, e−e+ → µ−µ+

iM[e−(p)e+(p′)→ µ−(k)µ+(k′)] =
ie2

q2
[v̄(p′)γµu(p)] [ū(k)γµv(k′)] (5.1)

|M|2 =
e4

q4
[v̄(p′)γµu(p)ū(p)γνv(p′)] [ū(k)γµv(k′)v̄(k′)γνu(k)] (5.2)

∑
s

us(p)ūs(p) = �p+m
∑
s

vs(p)v̄s(p) = �p−m (5.3)

∑
s,s′

v̄s
′

a (p′)γµabu
s
b(p)ū

s
c(p)γ

ν
cdv

s′

d (p′) = (��p
′ −m)daγ

µ
ab(�p+m)bcγ

ν
cd = Tr

[
(��p
′ −m)γµ(�p+m)γν

]
Column vectors: u,v, row vectors by adding bar; gamma: Dirac matrices; abcd indexes for
multiplication. We just saw the second = above; pay attention to the first =, suppose A =
v̄s
′
a (p′)γµabu

s
b(p)ū

s
c(p)γ

ν
cdv

s′

d (p′)[
vs
′

d (p′)
]
· v̄s′a (p′)γµabu

s
b(p)ū

s
c(p)γ

ν
cdv

s′

d (p′) ·
[
vs
′

d (p′)
]−1

=
[
vs
′

d (p′)
]
· A ·

[
vs
′

d (p′)
]−1

= A ·
[
vs
′

d (p′)
]
·
[
vs
′

d (p′)
]−1

= A

= v̄s
′

a (p′)γµabu
s
b(p)ū

s
c(p)γ

ν
cdv

s′

d (p′) = (��p
′ −m)daγ

µ
ab(�p+m)bcγ

ν
cd
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2.2 Magnetic vector potential & QED Feynman rules

Now we are ready to step from Yukawa theory to QED. To do this, we replace the scalar particle
φ with a vector particle Aµ, and replace the Yukawa interaction Hamiltonian with

Hint =

∫
d3xeψ̄γµψAµ

with Feynman rules:

New vertex: −ieγµ Photon propagator: −igµν
q2+iε

External photon lines: εµ(p) or ε∗µ(p)

Photons are conventionally drawn as wavy lines! The symbol εµ(p) stand for the polarization
vector of the initial- of final-state photon. To justify these rules, recall that in Lorentz gauge
the field eq. for Aµ is ∂2Aµ = 0, Thus each component of A separately obeys the Klein-Gordon
eq. (w/ m = 0). The momentum-space solutions of this equation are εµ(p)e−ip·x where p2 = 0
and εµ(p) is any 4-vector. The interpretation of ε as the polarization vector of the field should
be familiar from classical electromagnetism. If we expand the quantized electromagnetic field in
terms of classical solutions of the wave equation, as we did for the Klein-Gordon field, we find

Aµ(x) =

∫
d3p

(2π)3

1√
2Ep

3∑
r=0

(
arpε

r
µ(p)e−ip·x + ar†p ε

r∗
µ (p)eip·x

)
(4.131)

where r = 0, 1, 2, 3 labels a basis of polarization vectors. The external line factors in the Feynman
rules above follow immediately from this expansion, just as we obtained u’s and v’s as the external
line factors for Dirac particles. The only subtlety is that we must restrict initial- and final-state
photons to be transversely polarized: Their polarization vectors are always of the form εµ = (0, ε),
where p · ε = 0. For p along the z-axis, the right- and left-handed polarization vectors are
εµ = (0, 1,±i, 0)/

√
2.

Define Mandelstam variables for 2-body → 2-body processes

s = (pa + pb)
2 t = (pa − pc)2 u = (pa − pd)2

According to 4-momenta conservation, s+ t+ u = p2
a + p2

b + p2
c + p2

d. In general,

s+ t+ u =
4∑
i=1

m2
i

2.3 Photon polarization vector

Ref: Peskin page 159, 5.5 Compton Scattering, Photon Polarization Sums∑
polarizations

ε∗µεν → −gµν (5.75)

This arrow indicates that this is not an actual equality. Nevertheless, the replacement is valide as
long as both sides are dotted into the rest of the expression for a QED amplitude M.
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To derive this formula, let’s consider an arbitrary QED process involving an external photon
with momentum k: iM(k) ≡ iMµ(k)ε∗µ(k). Since the amplitude always contains ε∗µ(k), we have
extracted this factor and defined Mµ(k) to be the rest of the amplitude M. The cross section
will be proportional to ∑

ε

∣∣ε∗µ(k)Mµ(k)
∣∣2 =

∑
ε

ε∗µενMµ(k)Mν∗(k)

For simplicity, we orient k in the 3-direction: kµ = (k, 0, 0, k). Then the two transverse polarization
vectors, over which we are summing, can be chosen be

εµ1 = (0, 1, 0, 0) εµ2 = (0, 0, 1, 0)

With these conventions, we have∑
ε

∣∣ε∗µ(k)Mµ(k)
∣∣2 =

∣∣M1(k)
∣∣2 +

∣∣M2(k)
∣∣2 (5.77)

Now recall that external photons are created by the interaction term
∫
d4xejµAµ, where jµ =

ψ̄γµψ is the Dirac vector current. Therefore, we expect Mµ(k) to be given by a matrix element
of the Heisenberg field jµ:

Mµ(k) =

∫
d4xeik·x〈final states|jµ(x)|initial states〉 (5.78)

where the initial and final states include all particles except the photon in question. ... the current
jµ is conserved: ∂µj

µ(x) = 0. Provided that this property still holds in the quantum theory, we
can dot kµ into (5.78) to obtain

kµMµ(k) = 0 (5.79)

The amplitude M vanishes when the polarization vector εµ(k) is replaced by kµ. This famous
relation is know as the Ward identity. For kµ = (k, 0, 0, k), the Ward identity takes the form:

kM0(k)− kM3(k) = 0 (5.80)

Thus M0 =M3, and we have∑
ε

ε∗µενMµ(k)Mν∗(k) = |M1|2 + |M2|2

= |M1|2 + |M2|2 + |M3|2 − |M0|2

= −gµνMµ(k)Mν∗(k)

That is, we may sum over external photon polarizations by replacing
∑
ε∗µεν with −gµν .
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3 Renormalization

3.1 Path Integral

In a given time (T ), one particle travels from xa to xb, we call this amplitude U(xa, xb;T ), given
by in the canonical Hamiltonian formalism

U(xa, xb;T ) =
〈
xb
∣∣e−iHT/~∣∣xa〉 (9.1)

There would be infinite paths between two points, we might therefore write the total amplitude

U(xa, xb;T ) =
∑

all paths

ei·(phase) =

∫
Dx(t)ei·(phase) (9.2)

To be democratic, we have written the amplitude for each particular path as a pure phase, so that
no path is inherently more important than any other.

∫
Dx(t) is simply another way of writing

“sum over all paths”. Combine two formulas and the propagation amplitude is thus〈
xb
∣∣e−iHT/~∣∣xa〉 = U(xa, xb;T ) =

∫
Dx(t)eiS[x(t)]/~ (9.3)

S the discretized path, denoted by k as intermediate points

S =

∫ T

0

dt
(m

2
ẋ2 − V (x)

)
→
∑
k

[
m

2

(xk+1 − xk)2

ε
− εV

(
xk+1 + xk

2

)]

We then define the path integral by (C(ε) =
√

2π~ε
−im is constant)∫

Dx(t) ≡ 1

C(ε)

∫
dx1

C(ε)

∫
dx2

C(ε)
· · ·
∫
dxN−1

C(ε)
=

1

C(ε)

∏
k

∫ ∞
−∞

dxk
C(ε)

(9.4)

3.1.1 Functional Quantization of Scalar Fields

H =

∫
d3x

[
1

2
π2 +

1

2
(∇φ)2 + V (φ)

]
〈
φb(x)

∣∣e−iHT ∣∣φa(x)
〉

=

∫
DφDπ exp

[
i

∫ T

0

d4x

(
πφ̇− 1

2
π2 − 1

2
(∇φ)2 − V (φ)

)]
where the functions φ(x) over which we integrate are constrained to the specific configurations
x0 = 0, x0 = T . Evaluate the Dπ integral to obtain

〈
φb(x)

∣∣e−iHT ∣∣φa(x)
〉

=

∫
Dφ exp

[
i

∫ T

0

d4xL
]

(9.14)

where L = (∂µφ)2/2− V (φ).∫
DφeiS0 = constant×

[
det(m2 + ∂2)

]−1/2
(9.25)
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3.2 Effective Action

Ref: Peskin Chapitre 11, The Effective Action as a Generating Functional
Z [J ] is the generating functional of correlation functions, with respect to J(x) produce the

correlation functions of the scalar field (see eq 9.35). ... suppose E [J ] = i log(Z [J ]), according to
eq. 11.44

δ2E [J ]

δJ(x)δJ(y)
= − i

Z

∫
Dφei

∫
(L+Jφ)φ(x)φ(y) +

i

Z2

∫
Dφei

∫
(L+Jφ)φ(x) ·

∫
Dφei

∫
(L+Jφ)φ(y)

= −i [〈φ(x)φ(y)〉 − 〈φ(x)〉〈φ(y)〉]
(11.82)

emmmmmmmm

D(x, y) =

∫
d4p

(2π)2
e−ip·(x−y)D̃(p) (11.91)

We showed in eq 7.43 that momentum space propagator D̃(p) is a geometric series in one-particle-
irreducible Feynman diagrams. The Fourier transform of D−1(x, y) then gives the inverse propa-
gator:

D̃−1(p) = −i
[
p2 −m2 −M2(p2)

]
(11.92)

where M2(p2) is the sum of one-particle-irreducible two-point diagrams.

4 Non-Abelian gauge theory

Ref: Peskin Chapitre 15

4.1 The Geometry of Gauge Invariance

Consider complex-valued Dirac fields ψ(x), and stipulate that our theory should be invariant under
the transformation where α(x) could take any value.

ψ(x)→ eiα(x)ψ(x) (15.1)

Obviously, mψ̄ψ keeps invariant as a scalar, permitted by global symmetry, and the local invariance
gives no further restriction. The derivative of ψ(x) in the direction of the vector nν is defined by
the limiting procedure

nµ∂µψ = lim
ε→0

1

ε
[ψ(x+ εn)− ψ(x)] (15.2)

However, such a definition could not be applied in a theory with local phase invariance. Define a
scalar quantity U(y, x) that depends on the two points and has the transformation law

U(y, x)→ eiα(y)U(y, x)e−iα(x) (15.3)

At zero separation, we set U(y, y) = 1 and U(y, x) = exp [iφ(y, x)], so that ψ(y) and U(y, x)ψ(x)
have the same transformation law. Define covariant derivative:

nµDµψ = lim
ε→0

1

ε
[ψ(x+ εn)− U(x+ εn, x)ψ(x)] (15.4)
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Suppose U(y, x) is a continuous function between y and x, then U(y, x) can be expanded in the
separation of two points:

U(x+ εn, x) = 1− ieεnµAµ(x) +O(ε2) (15.5)

Here we have arbitrarily extracted a constant e, namely electron charge unit. The coefficient of
the displacement εnµ is a new vector field Aµ(x), namely magnetic vector potential. Such a field,
which appears as the infinitesimal limit of a comparator of local symmetry transformations, is
called a connection. The covariant derivative then takes the form

Dµψ(x) = ∂µψ(x) + ieAµψ(x) (15.6)

By inserting 15.5 into 15.3, we find that Aµ(x) transforms under this local gauge transformation
as

Aµ(x)→ Aµ(x)− 1

e
∂µα(x) (15.7)

Thus the covariant derivative transforms in the same way as the field ψ

Dµψ(x)→
[
∂µ + ie(Aµ −

1

e
∂µα)

]
eiα(x)ψ(x)

= eiα(x)(∂µ + ieAµ)ψ(x) = eiα(x)Dµψ(x)

(15.8)

Consider a locally invariant Lagrangian that depends on Aµ and its derivatives, re-define 15.5

U(x+ εn, x) = exp
[
−ieεnµAµ(x+

ε

2
n) +O(ε3)

]
(15.9)

then define U(x)
U(x) ≡ U(x, x+ ε2̂)U(x+ ε2̂, x+ ε1̂ + ε2̂)

× U(x+ ε1̂ + ε2̂, x+ ε1̂)U(x+ ε1̂, x)
(15.10)

inserting it into 15.9:

U(x) = exp
{
−ieε

[
−A2(x+

ε

2
2̂)− A1(x+

ε

2
1̂ + ε2̂)

+A2(x+ ε1̂ +
ε

2
2̂) + A1(x+

ε

2
1̂)
]

+O(ε3)
} (15.11)

Expand the exponent until second order

U(x) = 1− ieε2 [∂1A2(x)− ∂2A1(x)] +O(ε3) (15.12)

Therefore Fµν = ∂µAν−∂νAµ is locally invariant, namely electromagnetic field tensor. In summary,
from U(1) symmetry, we derive local invariance directly. Up to operators of dimension 4, there
are only four possible terms inside Lagrangian invariant to global phase transformations.

L4 = ψ̄(i��D)ψ − 1

4
(Fµν)

2 − cεαβµνFαβFµν −mψ̄ψ (15.17)

and we get Maxwell equations by Euler-Lagrange eq.

14



4.2 Yang-Mills Lagrangians

From single fermion field, to a doublet of Dirac fields

ψ =

(
ψ1(x)
ψ2(x)

)
(15.19)

which transform into one another under abstract three-dimensional rotations as a two-component
spinor. (SU(2) symmetry)

ψ(x)→ exp

(
iαi(x)

σi

2

)
ψ(x) = V (x)ψ(x) (15.20)

Similarly, define U(y, x) as a 2× 2 matrix.

U(y, x)→ V (y)U(y, x)V †(x) = exp

(
iαi(y)

σi

2

)
U(y, x) exp

(
−iαi(x)

σi

2

)
(15.22)

again, set U(y, y) = 1, expand in therms of the Hermitian generators of SU(2) (Pauli matrices)
with a constant g.

U(x+ εn, x) = 1 + igεnµAiµ
σi

2
+O(ε2) (15.23)

the covariant derivative associated with local SU(2) symmetry:

Dµ = ∂µ − igAiµ
σi

2
(15.24)

What is non-abelian gauge? It’s said that, there are not commutative property of multiplication
for generators as matrices. Look for the connection Aiµ liked 15.7 (see 15.27) and insert 15.23 into
15.22.

1 + igεnµAiµ
σi

2
→ V (x+ εn)

(
1 + igεnµAiµ

σi

2

)
V †(x) (15.25)

V (x+ εn)V †(x) =

[(
1 + εnµ

∂

∂xµ
+O(ε2)

)
V (x)

]
V †(x)

= 1 + εnµ
(

∂

∂xµ
V (x)

)
+O(ε2)

= 1 + εnµV (x)

(
− ∂

∂xµ
V †(x)

)
+O(ε2)

(15.26)

Aiµ(x)
σi

2
→ V (x)

(
Aiµ(x)

σi

2
+
i

g
∂µ

)
V †(x) (15.27)

Then insert it into 15.24, and the transformation law of covariant derivatives implies that

Dµψ →
(

1 + iαi
σi

2

)
Dµψ (15.30)

[Dµ, Dν ]ψ(x)→ V (x) [Dµ, Dν ]ψ(x) (15.31)

15



where [Dµ, Dν ] is not a differential operator, merely a multiplicative matrix acting on ψ(x).

[Dµ, Dν ] = −igF i
µν

σi

2
(15.32)

F i
µν

σi

2
= ∂µA

i
ν

σi

2
− ∂νAiµ

σi

2
− ig

[
Aiµ

σi

2
, Ajν

σj

2

]
(15.33)

Pauli matrices are generators of SU(2) symmetry, satisfying commutation relations,[
σi

2
,
σj

2

]
= iεijk

σk

2
(15.34)

Then we get field strength tensor

F i
µν = ∂µA

i
ν − ∂νAiµ + gεijkAjµA

k
ν (15.35)

Now, field strength is not gauge invariant, with three possible directions denoted by i. Con-
struct a locally invariant Lagrangian by combining field strengths:

L = −1

2
Tr

[
(F i

µν

σi

2
)2

]
= −1

4
(F i

µν)
2 (15.38)

Note, in contrast to the case of electrodynamics, this Lagrangian contains cubic and quartic terms
in Aiµ. Thus, this Lagrangian describes a nontrivial, interacting field theory, called Yang-Mills
theory. This is the simplest example of a non-Abelian gauge theory. And its Lagrangian looks
like that of QED.

L = ψ̄(i��D)ψ − 1

4
(F i

µν)
2 −mψ̄ψ (15.39)

According to notions of wiki,

LYM ≡ −2Tr(F ∧ ∗F ) = −1

4
(F i

µν)
2

• Quantum ElectroDynamics, G = U(1)

• ElectroWeak interaction, G = U(1)⊗ SU(2)

• Quantum ChromoDynamics, G = SU(3)

• Standard Model, G = U(1)⊗ SU(2)⊗ SU(3)
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Part II

Chiral Perturbation Theory - Primer
Ref: “A Primer for Chiral Perturbation Theory” of Stefan Scherer & Matthias R. Schindler.

5 QCD & chiral symmetry

5.1 SU(3) group

λ1 =

 0 1 0
1 0 0
0 0 0

 λ2 =

 0 −i 0
i 0 0
0 0 0

 λ3 =

 1 0 0
0 −1 0
0 0 0


λ4 =

 0 0 1
0 0 0
1 0 0

 λ5 =

 0 0 −i
0 0 0
i 0 0

 λ6 =

 0 0 0
0 0 1
0 1 0


λ7 =

 0 0 0
0 0 −i
0 i 0

 λ8 =

√
1

3

 1 0 0
0 1 0
0 0 −2

 λ0 =

√
2

3
· 1

These Gell-Mann matrices satisfy λa = λ†a, Tr(λaλb) = 2δab, Tr(λa) = 0, as well as:[
λa
2
,
λb
2

]
= ifabc

λc
2

where fabc is the coefficient:

fabc =
1

4i
Tr([λa, λb]λc)

abc 123 147 156 246 257 345 367 458 678

fabc 1 1/2 −1/2 1/2 1/2 1/2 −1/2
√

3/2
√

3/2

Like Dirac matrices γµ, eight λa are generators of SU(3) group, with unitary transformation
U † = U−1, where det(U) = 1. We could derive U(Θ) = exp (−iΘaλa/2), as well as det [exp(C)] =
exp [Tr(C)]. (that’s why generators are traceless)

The anticommutation relations of the Gell-Mann matrices read

{λa, λb} =
4

3
δab · 1 + 2dabcλc (1.11)

where dabc is totally symmetric

dabc =
1

4
Tr {λa, λb}λc (1.12)

Define habc ≡ dabc + ifabc, which is invariant under cyclic permutations, habc = hbca = hcab

Tr(λaλbλc) = 2habc

Tr(λaλbλcλd) =
4

3
δabδcd + 2habehecd

Tr(λaλbλcλdλe) =
4

3
habcδde +

4

3
δabhcde + 2habfhfcghgde
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5.2 Lagrangians

LQED = Ψ̄ [iγµ (∂µ − ieAµ)−m] Ψ− 1

4
FµνF

µν

the electromagnetic field-strength tensor is denoted by

Fµν = ∂µAν − ∂νAµ

Define the covariant derivative of Ψ

DµΨ ≡ (∂µ − ieAµ) Ψ

such that under a so-called gauge transformation of the second kind

Ψ(x)→ exp [iΘ(x)] Ψ(x) Aµ(x)→ Aµ(x) + ∂µΘ(x)/e

it transforms in the same way as Ψ,

DµΨ(x)→ exp [iΘ(x)]DµΨ(x)

... the interaction of the electromagnetic field:

Lint = −(−e)Ψ̄γµΨAµ = −JµAµ

In QCD, α = 1, · · · , 4 refers to the Dirac-spinor index; f = 1, · · · , 6, the flavor index; A =
1, 2, 3, the color index. The “free” quark Lagrangian w/o interaction may be written as

Lfree quarks =
3∑

A=1

6∑
f=1

4∑
α,α′=1

q̄α,f,A (γµαα′i∂µ −mfδαα′) qα′,f,A (1.20)

Introduce a color triplet for each quark flavor f

qf =
(
qf,1 qf,2 qf,3

)T
all qf are subject to the same local SU(3) transformation; λca are Gell-Mann matrices in color
space

qf (x)→ q′f (x) = exp (iΘa(x)λca/2) qf (x) ≡ U(x)qf (x)

To keep Lagrangians invarianct under local transformations, introduce eight 4-vector gauge
potentials Aaµ, transforming as

Aµ ≡ Aaµ
λca
2
→ A ′

µ = UAµU
† +

i

g3

∂µUU
† (1.24)

∂µqf is replaced by the covariant derivative, with the strong coupling constant g3.

Dµqf ≡ (∂µ + ig3Aµ) qf
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Define non-Abelian tensor,

Gaµν ≡ ∂µAaν − ∂νAaµ − g3fabcAbµAcν (1.26)

which under SU(3) transforms as

Gµν ≡ Gaµνλ
c
a/2→ UGµνU

† (1.27)

The QCD Lagrangian obtained by applying the gauge principle to the free Lagrangian eq. 1.20

LQCD =
∑
f

q̄f
(
i��D −mf

)
− 1

4
GaµνG

µν
a (1.28)

with the purely gluonic part −Tr (GµνG µν). The strong-interaction Lagrangian could also involve
a term of the type

Lθ =
g2

3 θ̄

64π2
εµνρσG

µν
a G ρσ

a

5.3 Global Symmetries of the QCD Lagrangian

5.3.1 Light and Heavy Quarks

uds light, cbt heavy. mu = (1.7 − 3.3)MeV, md = (4.1 − 5.8)MeV, ms = (80 − 130)MeV,
mc = 1.27+0.07

−0.09GeV, mb = 4.19+0.18
−0.06GeV, mt = (172.0 ± 0.9 ± 1.3)GeV. Note that the mass of

baryons might not equal to the sum of corresponding components. For example, mp = 938MeV�
2mu + md. Here is the Lagrangian, containing only the light-flavor quarks in the so-called chiral
limit mu,md,ms → 0

L 0
QCD =

∑
l=u,d,s

q̄li��Dql −
1

4
GaµνG

µν
a

5.3.2 Left-Handed and Right-Handed Quark Fields

Introduce the projection operators

PR = (1 + γ5)/2 = P †R PL = (1− γ5) = P †L

with orthogonality relations:

PL + PR = 1 P 2
L/R = PL/R PL/RPR/L = 0

which could project the variable q from the Dirac field, to its chiral components qR and qL;

qR = PRq qL = PLq

Quark field is transformed into its parity conjugate under parity, P : q(t, ~x)→ γ0q(t,−~x); thus

qR(t, ~x) = PRq(t, ~x)→ PRγ
0q(t,−~x) = γ0PLq(t,−~x) = γ0qL(t,−~x) 6= ±qR(t,−~x)
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Suppose that the spin in the rest frame is (anti)parallel to the direction of momentum

~σ · p̂χ± = ±χ±

ψ̄Γψ is Lorentz invariant

q̄Γq =

{
q̄RΓqR + q̄LΓqL for Γ ∈ Γ1 ≡ {γµ, γµγ5}
q̄RΓqL + q̄LΓqR for Γ ∈ Γ2 ≡ {1, γ5, σ

µν}

q̄R = q†Rγ0 = q†P †Rγ0 = q†PRγ0 = q†γ0PL = q̄PL

Similarly q̄L = q̄PR. Under the chiral limit, we have the Lagrangian:

L 0
QCD =

∑
l=u,d,s

(
q̄R,li��DqR,l + q̄L,li��DqL,l

)
− 1

4
GaµνG

µν
a

Due to the flavor independence of the covariant derivative, L 0
QCD is invariant under uL/R

dL/R
sL/R

→ UL/R

 uL/R
dL/R
sL/R

 = exp

(
−i

8∑
a=1

Θa
L/Rλa/2

)
e−iΘL/R

 uL/R
dL/R
sL/R


5.3.3 Noether theorem

... introduce 3× 3 matrices Lad
i of the adjoint representation,

l̂i = −ip̂j(−iεijk)x̂k = −ip̂j(Lad
i )jkx̂k

Both the matrices of the adjoint representation and the components of the angular momentum
operator satisfy the angular momentum commutation relations,[

Lad
i , L

ad
j

]
= iεijkL

ad
k

[
l̂i, l̂j

]
= iεijk l̂k

... we consider the pseudoscalar pion-nucleon Lagrangian

L = Ψ̄(i��∂ −mN) +
1

2

(
∂µ~Ψ · ∂µ~Ψ−M2

π
~Ψ2
)
− igΨ̄γ5~Ψ · ~σΨ

5.3.4 Global Symmetry Currents of the Light-Quark Sector

δL 0
QCD = q̄R

(
8∑

a=1

∂µεRa
λa
2

+ ∂µεR

)
γµqR + q̄L

(
8∑

a=1

∂µεLa
λa
2

+ ∂µεL

)
γµqL

according to Jµa = ∂δL
∂∂µεa

, as well as ∂µJ
µ
a = ∂δL

∂εa
, with the transformations of the left-handed or

right-handed quarks
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Lµa =
∂δL 0

QCD

∂∂µεLa
= q̄Lγ

µ λa
2
qL ∂µL

µ
a =

∂δL 0
QCD

∂εLa
= 0

Rµ
a =

∂δL 0
QCD

∂∂µεRa
= q̄Rγ

µ λa
2
qR ∂µR

µ
a =

∂δL 0
QCD

∂εRa
= 0

Lµ =
∂δL 0

QCD

∂∂µεL
= q̄Lγ

µqL ∂µL
µ
a =

∂δL 0
QCD

∂εL
= 0

Rµ =
∂δL 0

QCD

∂∂µεR
= q̄Rγ

µqR ∂µR
µ
a =

∂δL 0
QCD

∂εR
= 0

Instead of these chiral currents, we always use their linear combinations,

V µ
a = Rµ

a + Lµa = q̄γµ
λa
2
q Aµa = Rµ

a − Lµa = q̄γµγ5
λa
2
q

transforming under parity as vector and axial-vector currents,

P : V µ
a (t, ~x)→ Vaµ(t,−~x) P : Aµa(t, ~x)→ −Aaµ(t,−~x)

Similarly, V µ = Rµ + Lµ = q̄γµq, ∂µV
µ = 0, Aµ = Rµ − Lµ = q̄γµγ5q,

∂µA
µ =

3g2
3

32π2
εµνρσG

µν
a G ρσ

a

In the large Nc (number of color) limit, the strong coupling constant behaves as g2
3 ∼ N−1

c .

5.3.5 Chiral Symmetry Breaking by the Quark Masses

For any 3 × 3 matrices, M =
∑8

a=0Maλa, Ma = 1
2
Tr(λaM). Consider the quark-mass matrix of

the three light quarks and project it onto the nine λ matrices

M =

 mu 0 0
0 md 0
0 0 ms


... applying Eq. 1.38 we see that the quark-mass term mixes left- and right-handed fields,

LM = −q̄M q = −(q̄RM qL + q̄LM qR)

with related currents

∂µL
µ
a =

∂δLM

∂εLa
= −i

(
q̄L
λa
2

M qR − q̄RM
λa
2
qL

)

∂µR
µ
a =

∂δLM

∂εRa
= −i

(
q̄R
λa
2

M qL − q̄LM
λa
2
qR

)
∂µL

µ =
∂δLM

∂εL
= −i (q̄LM qR − q̄RM qL)

∂µR
µ =

∂δLM

∂εR
= −i (q̄RM qL − q̄LM qR)
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5.4 Green Functions and Ward Identities

Ward identites of QED

Γµ(p, p) = − ∂

∂pµ
Σ(p)

which relates the electromagnetic vertex of an electron at zero momentum transfer, γµ + Γµ(p, p),
to the electron self-energy, Σ(p).

5.4.1 Ward Identities Resulting from U(1) Invariance

Focus on a scalar field theory w/ a global SO(2) or U(1) invariance. Consider a Lagrangian

L =
1

2
(∂µΦ1∂

µΦ1 + ∂µΦ2∂
µΦ2)− m2

2
(Φ2

1 + Φ2
2)− λ

4
(Φ2

1 + Φ2
2)2

= ∂µΦ†∂µΦ−m2Φ†Φ− λ(Φ†Φ)2

(1.114)

where

Φ(x) =
1√
2

[Φ1(x) + iΦ2(x)] Φ†(x) =
1√
2

[Φ1(x)− iΦ2(x)]

if m2 > 0, λ > 0, so there is no spontaneous symmetry breaking. eq. 1.114 keeps invariant under
global transformation

Φ′1 = Φ1 − εΦ2 Φ′2 = Φ2 + εΦ1 (1.115)

equivalent to
Φ′ = (1 + iε)Φ Φ′†(1− iε)Φ† (1.116)

with an infinitesimal real parameter ε. Apply the method of Gell-Mann and Lévy, we obtain for
a local parameter ε(x);

δL = ∂µε(x)
(
i∂µΦ†Φ− iΦ†∂µΦ

)
(1.117)

Since Jµa = ∂δL /∂∂µεa, and ∂µJ
µ
a = ∂δL /∂εa, we could derive

Jµ =
∂δL

∂∂µε
= i∂µΦ†Φ− iΦ†∂µΦ (1.118)

∂µJ
µ =

∂δL

∂ε
= 0 (1.119)

Consider general coordinates and general momenta

Πi =
∂L

∂∂0Φi

Π =
∂L

∂∂0Φ
= Φ̇† Π† =

∂L

∂∂0Φ†
= Φ̇ (1.120)

with equal-time commutation relations

[Φi(t, ~x),Πj(t, ~y)] = iδijδ
3(~x− ~y) (1.121)

A conserved current is time-independent

Q =

∫
d3xJ0(t, ~x) (1.124)
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Applying eq. 1.122, we have [
J0(t, ~x),Φ(t, ~y)

]
= δ3(~x− ~y)Φ(t, ~x)[

J0(t, ~x),Π(t, ~y)
]

= −δ3(~x− ~y)Π(t, ~x)[
J0(t, ~x),Φ†(t, ~y)

]
= −δ3(~x− ~y)Φ†(t, ~x)[

J0(t, ~x),Π†(t, ~y)
]

= δ3(~x− ~y)Π†(t, ~x)

(1.125)

or the space integrals
[Q,Φ(x)] = Φ(x)

[Q,Π(x)] = −Π(x)[
Q,Φ†(x)

]
= −Φ†(x)[

Q,Π†(x)
]

= Π†(x)

(1.126)

Suppose |α〉 is the eigenstate of Q, with eigenvalue qα

Q(Φ(x)|α〉) = ([Q,Φ(x)] + Φ(x)Q)|α〉 = (1 + qα)(Φ(x)|α〉)

In summary, Φ(x),Π†(x) increase the Noether charge of a system by one unit; Φ†(x),Π(x) decrease
the Noether charge of a system by one unit.

Back to 1.114, discuss the consequences of the U(1) symmetry. Consider such a Green function,

Gµ(x, y, z) = 〈0|T
[
Φ(x)Jµ(y)Φ†(z)

]
|0〉 (1.127)

which describes the transition amplitude for the creation of a quantum of Noether charge +1 at
x, propagation to y, interaction at y via the current operator, propagation to z with annihilation
at z. |0〉 refers to the ground state of the quantum field theory described by the Lagrangian of Eq.
1.114 (better written as |Ω〉), and should not be confused with the ground state of a free theory.

∂yµG
µ(x, y, z) =

[
δ4(y − x)− δ4(y − z)

]
〈0|T

[
Φ(x)Φ†(z)

]
|0〉 (1.129)

eq. 1.129 is the analogue of the Ward identity of QED. (Current conserved, [Q, Jµ(x)] = 0.)
The Green function remains invariant under the U(1) transformation.

Gµ(x, y, z)→ G′µ(x, y, z) = 〈0|T
[
(1 + iε)Φ(x)J ′µ(y)(1− iε)Φ†(z)

]
|0〉

= 〈0|T
[
Φ(x)Jµ(y)Φ†(z)

]
|0〉

= Gµ(x, y, z)

(1.128)

The underlying symmetry not only determines the transformation behavior of Green functions
under the group, but also relates n-point Green functions containing a symmetry current to (n−1)-
point Green functions. In principle, calculations similar to those leading to 1.128 and 1.129, can
be performed for any Green function of the theory.

〈0|T
[
Φ(x)Jµ(y)Φ†(z)

]
|0〉 = Φ(x)Jµ(y)Φ†(z)Θ(x0 − y0)Θ(y0 − z0)

+ Φ(x)Φ†(z)Jµ(y)Θ(x0 − z0)Θ(z0 − y0) + · · ·

All in all there exists 3!=6 distinct orderings. And ∂yµΘ(x0 − y0) = −gµ0δ(x0 − y0).
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We will now show that the symmetry constraints imposed by the Ward identities can be com-
pactly summarized in terms of an invariance property of a generating functional. (See Appendix
B) The generating functional depends on a set of functions denoted by j, j∗, jµ (external sources).
They couple to the fields Φ†,Φ, Jµ, respectively. The generating functional is defined as

W [j, j∗, jµ] = exp(iZ [j, j∗, jµ])

=

〈
Ω

∣∣∣∣T (exp

{
i

∫
d4x

[
j(x)Φ†(x) + j∗(x)Φ(x) + jµ(x)Jµ(x)

]})∣∣∣∣Ω〉 (1.130)

Φ†,Φ, Jµ refer to the field operators and the Noether current in the Heisenberg picture, satisfying
the Heisenberg equations of motion:

∂0Φ(x) = i [H,Φ(x)]

∂0Π†(x) = i
[
H,Π†(x)

]
∂0Φ†(x) = i

[
H,Φ†(x)

]
∂0Π(x) = i [H,Π(x)]

(1.131)

where

H =

∫
d3xH (1.132)

H = Π†Π + ~∇Φ† · ~∇Φ +m2Φ†Φ + λ(Φ†Φ)2 (1.133)

Via the equations of motion, generating functional depends on the dynamics of the system (eq.
1.114 & 1.132). Green function is partial derivative of generating functional

Gµ(x, y, z) = (−i)3 δ3W [j, j∗, jµ]

δj∗(x)δjµ(y)δj(z)

∣∣∣∣
j=0,j∗=0,jµ=0

(1.134)

Also, the generating functional may be written as the vacuum-to-vacuum transition amplitude in
the presence of external fields,

W [j, j∗, jµ] = 〈0, out|0, in〉j,j∗,jµ (1.135)

Consider the path integral below

W [j, j∗, jµ] =

∫
[dΦ1] [dΦ2] eiS[Φ,Φ∗,j,j∗,jµ] (1.136)

where

S [Φ,Φ∗, j, j∗, jµ] = S [Φ,Φ∗] +

∫
d4x [Φ(x)j∗(x) + Φ∗(x)j(x) + Jµ(x)jµ(x)] (1.137)

denotes the action corresponding to the Lagrangian of eq. 1.114 in combination with a coupling
to the external sources. In the path integral formulation we deal with functional integrals instead
of linear operators. in the following we will write Φ∗ instead of Φ†... ...
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5.4.2 Chiral Green Functions

In addition to the vector and axial-vector currents of eqs. 1.92, 1.93, 1.96, we want to investigate
scalar and pseudo-scalar densities, (a = 0, · · · , 8 shown below)

Sa(x) = q̄(x)λaq(x) Pa(x) = iq̄(x)γ5λaq(x) (1.143)

... ... Whenever it is more convenient, we will also use eqs below instead of S0 or P0

S(x) = q̄(x)q(x) P (x) = iq̄(x)γ5q(x) (1.144)

... the following Green functions of the ”vacuum” sector,

〈0|T [Aµa(x)Pb(y)] |0〉
〈0|T [Pa(x)Jµ(y)Pb(z)] |0〉
〈0|T [Pa(w)Pb(x)Pc(y)Pd(z)] |0〉

are related to 1. pion decay; 2. the pion electromagnetic form factor (Jµ is the electromagnetic
current); and 3. pion-pion scattering, respectively. One may also consider similar time-ordered
products evaluated between a single nucleon in the initial and final states in addition to the
vacuum Green functions. The allows one to discuss properties of the nucleon as well as dynamical
processes involving a single nucleon, such as

• 〈N |Jµ(x)|N〉 ↔ nucleon electromagnetic form factors,

• 〈N |Aµa(x)|N〉 ↔ axial form factor + induced pseudoscalar form factor,

• 〈N |T [Jµ(x)Jν(y)] |N〉 ↔ Compton scattering,

• 〈N |T [Jµ(x)Pa(y)] |N〉 ↔ pion photo- and electroproduction,

... consider a simple example the two-point Green function involving an axial-vector current
and a pseudo-scalar density

Gµ
APab(x, y) = 〈0 |T [Aµa(x)Pb(y)]| 0〉

= Θ(x0 − y0) 〈0 |Aµa(x)Pb(y)| 0〉+ Θ(y0 − x0) 〈0 |Pb(y)Aµa(x)| 0〉
(1.145)

and evaluate the divergence

∂xµG
µ
APab(x, y) = ∂xµ [Θ(x0 − y0) 〈0 |Aµa(x)Pb(y)| 0〉+ Θ(y0 − x0) 〈0 |Pb(y)Aµa(x)| 0〉]

= δ(x0 − y0)
〈
0
∣∣A0

a(x)Pb(y)
∣∣ 0〉− δ(x0 − y0)

〈
0
∣∣Pb(y)A0

a(x)
∣∣ 0〉

+ Θ(x0 − y0)
〈
0
∣∣∂xµAµa(x)Pb(y)

∣∣ 0〉+ Θ(y0 − x0)
〈
0
∣∣Pb(y)∂xµA

µ
a(x)

∣∣ 0〉
= δ(x0 − y0)

〈
0
∣∣[A0

a(x), Pb(y)
]∣∣ 0〉+

〈
0
∣∣T [∂xµAµa(x)Pb(y)

]∣∣ 0〉
where we made use of ∂xµΘ(x0 − y0) = δ(x0 − y0)g0µ = −∂xµΘ(y0 − x0).
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5.4.3 QCD in the Presence of External Fields and the Generating Functional

Introduce the couplings of the 9 vector currents and the 8 axial-vector currents into the Lagrangian
of QCD, and the scalar and pseudoscalar quark densities to external c-number fields,

L = L 0
QCD + Lext (1.150)

where

Lext =
8∑

a=1

vµa q̄γµ
λa
2
q + vµ(s)

1

3
q̄γµq +

8∑
a=1

aµa q̄γµγ5
λa
2
q −

8∑
a=0

saq̄λaq +
8∑

a=0

paiq̄γ5λaq

= q̄γµ

(
vµ +

1

3
vµ(s) + γ5a

µ

)
q − q̄(s− iγ5p)q

(1.151)

with 35 real functions of x: vµa , vµ(s), a
µ
a , sa, pa, denoted by [v, a, s, p]; v,a,s,p refer to vector, axial-

vector, scalar, pseudo-scalar current. The ordinary three-flavor QCD Lagrangian is recovered by
setting vµ = vµ(s) = aµ = p = 0, and s = diag(mu,md,ms). The Green functions of the vacuum

sector may be combined in the generating functional (where sub 0 means the chiral limit.)

exp(iZ [v, a, s, p]) =

〈
0

∣∣∣∣T exp

[
i

∫
d4xLext(x)

]∣∣∣∣ 0〉
0

= 〈0, out|0, in〉v,a,s,p (1.152)

The quark fields are operators in the Heisenberg picture and have to satisfy the equations of
motion and the canonical anticommutation relations. The generating functional is related to the
vac-to-vac transition amplitude in the presence of external fields,

exp(iZ [v, a, s, p]) = 〈0, out|0, in〉v,a,s,p (1.153)

For example, to calculate 〈0|ūu|0〉0, start from ūu

ūu =
1

2

√
2

3
q̄λ0q +

1

2
q̄λ3q +

1

2

√
1

3
q̄λ8q

then

〈0|ū(x)u(x)|0〉0 =
i

2

[√
2

3

δ

δs0(x)
+

δ

δs3(x)
+

√
1

3

δ

δs8(x)

]
exp(iZ [v, a, s, p])|v=a=s=p=0

The actual value of the generating functional for a given configuration of external field v, a, s, p
reflects the dynamics generated by the QCD Lagrangian. The (infinite) set of all chiral Ward
identities resides in an invariance of the generating functional under a local transformation of the
external fields.

Γ 1 γµ σµν γ5 γµγ5

γ0Γγ0 1 γµ σµν −γ5 −γµγ5
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Parity transformation of Γmatrices

qf (t, ~x)
P−→ γ0qf (t,−~x) L (t, ~x)

P−→ L (t,−~x)

vµ
P−→ vµ vµ(s)

P−→ v(s)
µ aµ

P−→ −aµ s
P−→ s p

P−→ −p

Charge conjugate transformation of Γmatrices

Γ 1 γµ σµν γ5 γµγ5

−CΓTC 1 −γµ −σµν γ5 γµγ5

qα,f
C−→ Cαβ q̄β,f q̄α,f

C−→ −qβ,fC−1
βα

C = iγ2γ0 = −C−1 = −C† = −CT =


0 0 0 −1
0 0 1 0
0 −1 0 0
1 0 0 0


F denotes flavor space matrix

q̄ΓFq
C−→ −q̄CΓTCF T q

Also for vasp

vµ
C−→ −vTµ v(s)

µ
C−→ −v(s)

µ
T aµ

C−→ aTµ s
C−→ sT p

C−→ pT

Define
rµ = vµ + aµ lµ = vµ − aµ (1.160)

Eq. 1.151 becomes

L =L 0
QCD + q̄Lγ

µ

(
lµ +

1

3
v(s)
µ

)
qL + q̄Rγ

µ

(
rµ +

1

3
v(s)
µ

)
qR

− q̄R(s+ ip)qL − q̄L(s− ip)qR
(1.161)

which keeps invariant under local transformations (from now on VR and VL will denote local trans-
formations, whereas R and L will be used for global transformations; VR and VL are independent
space-time-dependent SU(3) matrices......)

qL/R → exp (−iΘ(x)/3)VL/R(x)qL/R

and for other parameters
rµ → VRrµV

†
R + iVR∂µV

†
R

lµ → VLlµV
†
L + iVL∂µV

†
L

v(s)
µ → v(s)

µ − ∂µΘ

s+ ip→ VR(s+ ip)V †L

s− ip→ VL(s− ip)V †R

(1.163)
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Coupling with external fields, we select the charge of quark as Q = diag(2/3,−1/3,−1/3)

rµ = lµ = −eAµQ

Lext = −eAµ(q̄LQγ
µqL + q̄RQγ

µqR) = −eAµq̄Qγ
µq

= −eAµ

(
2

3
ūγµu− 1

3
d̄γµd− 1

3
s̄γµs

)
= −eAµJ

µ

if only consider two-flavor QCD:

rµ = lµ = −eAµ
σ3

2
v(s)
µ = −e

2
Aµ

6 Spontaneous Symmetry Breaking & the Goldstone The-

orem

6.1 Degenerate Ground States

Consider the Lagrangian of a real scalar field Φ(x)

L (Φ, ∂µΦ) =
1

2
∂µΦ∂µΦ− m2

2
Φ2 − λ

4
Φ4

By Legrendre transformation, the corresponding classical energy density reads,

H = ΠΦ̇−L =
1

2
Φ̇2 +

1

2
(~∇Φ)2 +

m2

2
Φ2 +

λ

4
Φ4︸ ︷︷ ︸

≡V (Φ)

6.2 Continuous, Non-Abelian Symmetry

...

6.3 Goldstone Theorem

6.4 Explicit Symmetry Breaking

28



7 Chiral Perturbation Theory for Mesons

7.1 Effective Field Theory

7.2 Spontaneous Symmetry Breaking in QCD

7.3 Transformation Properties of the Goldstone Bosons

7.3.1 General Considerations

Let’s consider a physical system described by a Lagrangian which is invariant under a compact
Lie group G. We assume the ground state of the system to be invariant under only a subgroup
H of G; giving rise to n = nG − nH Goldstone bosons. Each of these Goldstone bosons will be
described by an independent field φi which is a smooth real function on Minkowski space M4.
These fields are collected in an n-component vector Φ = (φ1, · · · , φn). Define the real vector space

M1 ≡ {Φ : M4 → Rn|φi : M4 → R smooth}

to seek a mapping ϕ which uniquely associates with each pair (g,Φ) ∈ G × M1 an element
ϕ(g,Φ) ∈M1, with following properties

ϕ(e,Φ) = Φ (∀Φ ∈M1)

ϕ(g1, ϕ(g2,Φ)) = ϕ(g1g2,Φ) (∀g1, g2 ∈ G,∀Φ ∈M1)

Such a mapping defines an operation of the group G on M1.

Φ
g−→ Φ′

↓ ↑
g̃H

g−→ gg̃H

This procedure uniquely determines the transformation behavior of the Goldstone bosons up to
an appropriate choice of variables parameterizing the elements of the quotient G/H.

7.3.2 Application to QCD

The symmetry groups relevant to the application in QCD are (NC = 2 for ud, NC = 3 for uds)

G = SU(N)× SU(N) = {(L,R)|L ∈ SU(N), R ∈ SU(N)}

H = {(V, V )|V ∈ SU(N)} ∼= SU(N)

The transformation behavior of U is therefore given by

U = R̃L̃† → U ′ = R(R̃L̃†)L† = RUL†

Re-define

M1 ≡

{
{Φ : M4 → R3|φi : M4 → R smooth} forN = 2

{Φ : M4 → R8|φi : M4 → R smooth} forN = 3
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let H̃ (N) denote the set of all Hermitian and traceless N ×N matrices, which under addition of
matrices defines a real vector space.

H̃ (N) ≡ {A ∈ GL(N,C)|A† = A ∧ Tr(A) = 0}

Define M2 ≡ {φ : M4 → H̃ (N)|φ smooth}, if N = 2:

φ =
3∑
i=1

φiσi =

(
φ3 φ1 − iφ2

φ1 + iφ2 −φ3

)
≡
(

π0
√

2π+
√

2π− −π0

)
(3.36)

where σi is Pauli matrix, and φi = 1
2
Tr(σiφ). If N = 3,

φ =
8∑
i=1

φiλ
i ≡

 π0 + 1√
3
η

√
2π+

√
2K+

√
2π− −π0 + 1√

3
η
√

2K0

√
2K−

√
2K̄0 − 2√

3
η

 (3.37)

Similarly, λa is Gell-Mann matrix, and φa = 1
2
Tr(λaφ). Therefore, π+ = 1√

2
(φ1 − iφ2)

Finally, we define

M3 ≡
{
U : M4 → SU(N)|U = exp

(
i
φ

F0

)
, φ ∈M2

}
F0 is introduced to make the argument of the exponential function dimensionless. Since a bosonic
field has the dimension of energy, F0 also has the dimension of energy. Later on, F0 will be
identified with the ”decay” constant of the Goldstone bosons in the chiral limit. (There is a
subtlety here, because F0 is traditionally reserved for the three-flavor chiral limit, whereas the
two-flavor chiral limit and at fixed ms is denoted by F .) . . . . . .

U = 1 + i
φ

F0

− φ2

2F 2
0

+ · · ·

7.4 Effective Lagrangian and Power-Counting Scheme

Mainly for couplings with external fields under 1GeV

7.4.1 The Lowest-Order Effective Lagrangian

In the chiral limit, effective Lagrangian is invariant under SU(3)L × SU(3)R × U(1)V . It should
contain exactly eight pseudoscalar degrees of freedom transforming as an octet under the subgroup
H = SU(3)V . In terms of the SU(3) matrix, with an octet φ

U(x) = exp

(
i
φ(x)

F0

)
(3.41)

the most general, chirally invariant, effective Lagrangian with the minimal number of derivatives
reads

Leff =
F 2

0

4
Tr(∂µU∂

µU †) L/R = 1− iεaL/Rλa/2
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7.4.2 Symmetry Breaking by the Quark Masses

Consider the isospin-symmetric limit, mu = md = m̂, so that the π0η term vanishes and there is
no π0η mixing. Then we obtain for the masses of the Goldstone bosons, to lowest order in the
quark masses, with B0 = −〈q̄q〉/(3F 2

0 )

M2
π = 2B0m̂ M2

K = B0(m̂+ms) M2
η =

2

3
B0(m̂+ 2ms)

7.4.3 Construction of the Effective Lagrangian

As in the case of gauge theories, we need external fields lµa(x) and rµa (x) (Eqs. 1.151, 1.160, 1.163,
Table 3.3). For any object A (like U), transforming as VRAV

†
L , define the covariant derivative

DµA:
DµA ≡ ∂µA− irµA+ iAlµ (3.65)

Also, there are the field-strength tensors fLµν and fRµν

fRµν ≡ ∂µrv − ∂vrµ − i [rµ, rν ] fLµν ≡ ∂µlv − ∂vlµ − i [lµ, lν ]

field strength tensors are traceless. Introduce linear combination χ ≡ 2B0(s+ ip), where

3F 2
0B0 = −〈q̄q〉0

As for ChPT,

U = O(q0) DµU = O(q) l/rµ = O(q) fL/Rµν = O(q2) χ = O(q2)

with invariances below

O(q0) :Tr(UU †) = 3

O(q) :Tr(DµUU
†)
∗

== −Tr
[
U(DµU)†

] ∗
== 0

O(q2) :Tr(DµDνUU
†)
∗∗

=== −Tr
[
DνU(DµU)†

] ∗∗
=== Tr

[
U(DνDµU)†

]
Tr(χU †)

Tr(Uχ†)

Tr(UfLµνU
†) = Tr(fLµν) = 0

Tr(fRµν) = 0

(3.72)

We end up with the most general, locally invariant, effective Lagrangian at lowest chiral order

L2 =
F 2

0

4
Tr
[
DµU(DµU)†

]
+
F 2

0

4
Tr(χU † + Uχ†)

At O(q2) it contains two-low energy constants: the SU(3) chiral limit of the Goldstone=boson
decay constant F0, and B0 = −〈0|q̄q|0〉0/(3F 2

0 )

8 Chiral Perturbation Theory for Baryons

Page 159, eq. 4.13, chiral connection Γµ:

Γµ =
1

2

[
u†(∂µ − irµ)u+ u(∂µ − ilµ)u†

]
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Part III

omega to pi + gamma
Ref: Pedro D. Ruiz-Femeńıa et al JHEP07(2003)003

9 Symmetry

Operators Parity transP ChargeC Hermitian conjugate
Φ −Φ ΦT Φ
u u† uT u†

Dµu (Dµu)† (Dµu)T (Dµu)†

vµ vµ −vTµ vµ
aµ −aµ aTµ aµ
lµ rµ −rTµ lµ
rµ lµ −lTµ rµ
χ χ† χT χ†

F µν
L FRµν −F µνT

R F µν
L

F µν
R FLµν −F µνT

L F µν
R

uµ −uµ uµT uµ
χ± ±χ± χT± ±χ±
Γµ Γµ ΓTµ −Γµ
fµν± ±fµν± ∓fTµν± fµν±
hµν −hµν hTµν hµν
S S ST S
P −P P T P
Vµν V µν −V T

µν Vµν
Aµν −Aµν ATµν Aµν

10 Notions

Ref, ”S. Scherer Introduction to Chiral Perturbation Theory” on page 49.
We introduce into the Lagrangian of QCD the couplings of the nine vector currents and the eight
axial-vector currents as well as the scalar and pseudoscalar quark densities to external c-number
fields vµ(x), vµ(s), a

µ(x), s(x), p(x).

Lext = q̄γµ

(
vµ +

1

3
vµ(s) + γ5a

µ

)
q − q̄(s− iγ5p)q

The external fields are color-neutral, Hermitian 3× 3 matrices, where the matrix character, with
respect to the (suppressed) flavor indices uds of the quarks fields, is eq. 2.96

vµ =
8∑

a=1

λa
2
vµa aµ =

8∑
a=1

λa
2
aµa s =

8∑
a=0

λasa p =
8∑

a=0

λapa
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The ordinary three flavor QCD Lagrangian is recovered by setting vµ = vµ(s) = aµ = p = 0 and

s = diag(mu,md,ms) Note the couplings of quarks with external fields, we choose the charge as
Q = diag(2/3,−1/3,−1/3). As for three-flavor quarks, rµ = lµ = −eAµQ

rµ = vµ + aµ lµ = vµ − aµ

10.1 Field strength tensor F µν
L/R

F µν
R = ∂µrν − ∂νrµ − i [rµ, rν ] F µν

L = ∂µlν − ∂νlµ − i [lµ, lν ]

with external fields rµ = vµ + aµ, lµ = vµ − aµ;

F µν
R = ∂µrν − ∂νrµ − i [rµ, rν ]

= ∂µ(vν + aν)− ∂ν(vµ + aµ)− i [(vµ + aµ)(vν + aν)− (vν + aν)(vµ + aµ)]

= ∂µvν + ∂µaν − ∂νvµ − ∂νaµ − i (vµvν + vµaν + aµvν + aµaν − vνvµ − vνaµ − aνvµ − aνaµ)

= (∂µvν − ∂νvµ) + (∂µaν − ∂νaµ) + i [vν , vµ] + i [vν , aµ] + i [aν , vµ] + i [aν , aµ]

F µν
L = ∂µlν − ∂νlµ − i [lµ, lν ]

= ∂µ(vν − aν)− ∂ν(vµ − aµ)− i [(vµ − aµ)(vν − aν)− (vν − aν)(vµ − aµ)]

= ∂µvν − ∂µaν − ∂νvµ + ∂νaµ − i (vµvν − vµaν − aµvν + aµaν − vνvµ + vνaµ + aνvµ − aνaµ)

= (∂µvν − ∂νvµ)− (∂µaν − ∂νaµ) + i [vν , vµ]− i [vν , aµ]− i [aν , vµ] + i [aν , aµ]

the sum and the difference between them shown below

F µν
L + F µν

R = ∂µlν − ∂νlµ − i [lµ, lν ] + ∂µrν − ∂νrµ − i [rµ, rν ]

= 2∂µ(−eAµQ)− 2∂ν(−eAµQ) + 2ieQ [Aµ,Aν ]

= 2eQ {(∂νAµ − ∂µAν) + i [Aµ,Aν ]}
F µν
L − F

µν
R = 0
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10.2 fµν±

fµν± = uF µν
L u† ± u†F µν

R u

where u is the unitary square root of U , u2(x) = U(x) and u(x) → u′(x) =
√
RUL†, with

expansions

u(φ) = exp

(
iφ√
2F

)
= 1 +

iφ√
2F
− φ2

4F 2
+ · · ·

u†(φ) = exp

(
−iφ√

2F

)
= 1− iφ√

2F
− φ2

4F 2
+ · · ·

fµν+ = uF µν
L u† + u†F µν

R u

≈ (1 +
iφ√
2F

)F µν
L (1− iφ√

2F
) + (1− iφ√

2F
)F µν

R (1 +
iφ√
2F

)

= F µν
L − F

µν
L

iφ√
2F

+
iφ√
2F

F µν
L −

iφ√
2F

F µν
L

iφ√
2F

+ F µν
R + F µν

R

iφ√
2F
− iφ√

2F
F µν
R −

iφ√
2F

F µν
R

iφ√
2F

= (F µν
L + F µν

R )− (F µν
L − F

µν
R )

iφ√
2F

+
iφ√
2F

(F µν
L − F

µν
R )− iφ√

2F
(F µν

L + F µν
R )

iφ√
2F

= (F µν
L + F µν

R )− iφ√
2F

(F µν
L + F µν

R )
iφ√
2F

= 2eQ {(∂νAµ − ∂µAν) + i [Aµ,Aν ]}+
eφQφ

F
{(∂νAµ − ∂µAν) + i [Aµ,Aν ]}

≈ −2eQ(∂µAν − ∂νAµ)

fµν− = uF µν
L u† − u†F µν

R u

≈ (1 +
iφ√
2F

)F µν
L (1− iφ√

2F
)− (1− iφ√

2F
)F µν

R (1 +
iφ√
2F

)

= (F µν
L − F

µν
R )− (F µν

L + F µν
R )

iφ√
2F

+
iφ√
2F

(F µν
L + F µν

R )− iφ√
2F

(F µν
L − F

µν
R )

iφ√
2F

=
iφ√
2F

2eQ {(∂νAµ − ∂µAν) + i [Aµ,Aν ]} − 2eQ {(∂νAµ − ∂µAν) + i [Aµ,Aν ]}
iφ√
2F

=

√
2ie

F
{(∂νAµ − ∂µAν) + i [Aµ,Aν ]} [φ,Q]

≈ −
√

2ie

F
(∂µAν − ∂νAµ) [φ,Q]
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10.3 chi +/-

χ = 2B0(s+ ip) = − 2

3F 2
0

〈q̄q〉0(s+ ip)

χ± = u†χu† ± uχ†u

Combine scalar fields and pseudo-scalar fields by χ ≡ 2B0(s+ip). Easy to know χ+χ† = 4B0s;
if p = 0, then χ − χ† = 4iB0p = 0 or χ = χ†. Below we calculate χ±, with mass matrices shown
in 3.4.2.

χ+ = u†χu† + uχ†u

≈ (1− iφ√
2F

)χ(1− iφ√
2F

) + (1 +
iφ√
2F

)χ†(1 +
iφ√
2F

)

=

(
χ− iφχ√

2F
− iχφ√

2F
− φχφ

2F 2

)
+

(
χ† +

iφχ†√
2F

+
iχ†φ√

2F
− φχ†φ

2F 2

)
= (χ+ χ†)− iφ√

2F
(χ− χ†)− (χ− χ†) iφ√

2F
− φ(χ+ χ†)φ

2F 2

= (χ+ χ†)− φ(χ+ χ†)φ

2F 2

≈ (χ+ χ†) = 4B0s = 4B0diag(mu,md,ms)

= 4B0diag(m̂, m̂,ms) = 2diag(M2
π ,M

2
π , 2M

2
K −M2

π)

= 2

 M2
π 0 0

0 M2
π 0

0 0 2M2
K −M2

π


χ− = u†χu† − uχ†u

≈ (1− iφ√
2F

)χ(1− iφ√
2F

)− (1 +
iφ√
2F

)χ†(1 +
iφ√
2F

)

=

(
χ− iφχ√

2F
− iχφ√

2F
− φχφ

2F 2

)
−
(
χ† +

iφχ†√
2F

+
iχ†φ√

2F
− φχ†φ

2F 2

)
= (χ− χ†)− iφ√

2F
(χ+ χ†)− (χ+ χ†)

iφ√
2F
− φ(χ− χ†)φ

2F 2

= − iφ√
2F

(χ+ χ†)− (χ+ χ†)
iφ√
2F

= −
√

2i

F
(φχ+ χφ)
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10.4 Chiral vielbein uµ

Pay attention to u and uµ, the latter is the so-called chiral vielbein.

uµ ≡ i
[
u†(∂µ − irµ)u− u(∂µ − ilµ)u†

]
under parity transformation, uµ → i

[
u(∂µ − ilµ)u† − u†(∂µ − irµ)u

]
= −uµ like axial vectors.

Moreover, with external fields, chiral vielbein is odd-intrinsic-parity under external fields.
(φi → −φi): uµ = i

[
u†∂µu− u∂µu†

]
→ i

[
u∂µu

† − u†∂µu
]

= −uµ

uµ = i
[
u†(∂µ − irµ)u− u(∂µ − ilµ)u†

]
≈ i

{(
1− iφ√

2F
− φ2

4F 2

)
[∂µ − i(−eAµQ)]

(
1 +

iφ√
2F
− φ2

4F 2

)
−
(

1 +
iφ√
2F
− φ2

4F 2

)
[∂µ − i(−eAµQ)]

(
1− iφ√

2F
− φ2

4F 2

)}
= i

{(
1− iφ√

2F
− φ2

4F 2

)(
i∂µφ√

2F
− (∂µφ)φ+ φ(∂µφ)

4F 2
+ ieAµQ−

eAµQφ√
2F

− ieAµQφ
2

4F 2

)
−
(

1 +
iφ√
2F
− φ2

4F 2

)(
− i∂µφ√

2F
− (∂µφ)φ+ φ(∂µφ)

4F 2
+ ieAµQ+

eAµQφ√
2F

− ieAµQφ
2

4F 2

)}
= i

{(
1− iφ√

2F
− φ2

4F 2

)(
i∂µφ√

2F
− (∂µφ)φ+ φ(∂µφ)

4F 2
+ ieAµQ−

eAµQφ√
2F

− ieAµQφ
2

4F 2

)
+

(
1 +

iφ√
2F
− φ2

4F 2

)(
i∂µφ√

2F
+

(∂µφ)φ+ φ(∂µφ)

4F 2
− ieAµQ−

eAµQφ√
2F

+
ieAµQφ

2

4F 2

)}
= 2i

{
i∂µφ√

2F
− eAµQφ√

2F
+

iφ√
2F
· (∂µφ)φ+ φ(∂µφ)

4F 2
− iφ√

2F
· ieAµQ+

iφ√
2F
· ieAµQφ

2

4F 2

− φ2

4F 2
· i∂µφ√

2F
+

φ2

4F 2
· eAµQφ√

2F

}
= −
√

2∂µφ

F
−
√

2ieAµQφ

F
− φ(∂µφ)φ+ φ2(∂µφ)

2
√

2F 3
+

√
2ieAµφQ

F
− iφeAµQφ

2

2
√

2F 3

+
φ2∂µφ

2
√

2F 3
+
ieAµφ

2Qφ

2
√

2F 3

= −
√

2∂µφ

F
+

√
2ieAµ

F
[φ,Q]− φ(∂µφ)φ

2
√

2F 3
+

ieAµ

2
√

2F 3
(φ [Q, φ]φ)

For faster calculations, some terms vanish in line 4, according to their difference symbols:

+/− −/− +/+ −/+ −/−
+/+ +/− −/− +/+ −/+ −/−
−/+ −/− +/− −/+ +/+ +/−
−/− −/+ +/+ −/− +/− +/+
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10.5 Chiral connection Γµ

Γµ is even-intrinsic-parity without external fields, as for pion fields.

Γµ =
1

2

[
u†∂µu+ u∂µu

†]→ 1

2

[
u∂µu

† + u†∂µu
]

= Γµ

Γµ =
1

2

[
u†(∂µ − irµ)u+ u(∂µ − ilµ)u†

]
2Γµ =

[
u†(∂µ − irµ)u+ u(∂µ − ilµ)u†

]
≈
{(

1− iφ√
2F
− φ2

4F 2

)
[∂µ − i(−eAµQ)]

(
1 +

iφ√
2F
− φ2

4F 2

)
+

(
1 +

iφ√
2F
− φ2

4F 2

)
[∂µ − i(−eAµQ)]

(
1− iφ√

2F
− φ2

4F 2

)}
=

{(
1− iφ√

2F
− φ2

4F 2

)(
i∂µφ√

2F
− (∂µφ)φ+ φ(∂µφ)

4F 2
+ ieAµQ−

eAµQφ√
2F

− ieAµQφ
2

4F 2

)
+

(
1 +

iφ√
2F
− φ2

4F 2

)(
− i∂µφ√

2F
− (∂µφ)φ+ φ(∂µφ)

4F 2
+ ieAµQ+

eAµQφ√
2F

− ieAµQφ
2

4F 2

)}
Γµ = −(∂µφ)φ+ φ(∂µφ)

4F 2
+ ieAµQ−

ieAµQφ
2

4F 2
− iφ√

2F
· i∂µφ√

2F
+

iφ√
2F
· eAµQφ√

2F

+
φ2

4F 2
· (∂µφ)φ+ φ(∂µφ)

4F 2
− φ2

4F 2
· ieAµQ+

φ2

4F 2
· ieAµQφ

2

4F 2

= −(∂µφ)φ+ φ(∂µφ)

4F 2
+ ieAµQ−

ieAµQφ
2

4F 2
+
φ∂µφ

2F 2
+
ieAµφQφ

2F 2

+
φ2(∂µφ)φ+ φ3(∂µφ)

16F 4
− ieAµφ

2Q

4F 2
+
ieAµφ

2Qφ2

16F 4

=
φ(∂µφ)− (∂µφ)φ

4F 2
+ ieAµQ−

ieAµ

4F 2
(Qφ2 + φ2Q) +

ieAµφQφ

2F 2

+
φ2(∂µφ)φ+ φ3(∂µφ)

16F 4
+
ieAµφ

2Qφ2

16F 4

≈ ieAµQ+
φ(∂µφ)− (∂µφ)φ

4F 2
− ieAµ

4F 2
(Qφ2 + φ2Q) +

ieAµφQφ

2F 2

For faster calculations, some terms vanish in line 4, according to their same symbols:

+/− −/− +/+ −/+ −/−
+/+ +/− −/− +/+ −/+ −/−
−/+ −/− +/− −/+ +/+ +/−
−/− −/+ +/+ −/− +/− +/+
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10.6 Σ
L/R
µ

ΣL
µ = u†∂µu

≈
(

1− iφ√
2F
− φ2

4F 2

)
∂µ

(
1 +

iφ√
2F
− φ2

4F 2

)
=

(
1− iφ√

2F
− φ2

4F 2

)(
i∂µφ√

2F
− (∂µφ)φ+ φ(∂µφ)

4F 2

)
=
i∂µφ√

2F
− (∂µφ)φ+ φ(∂µφ)

4F 2
− iφ√

2F
· i∂µφ√

2F
+

iφ√
2F
· (∂µφ)φ+ φ(∂µφ)

4F 2

− φ2

4F 2
· i∂µφ√

2F
+

φ2

4F 2
· (∂µφ)φ+ φ(∂µφ)

4F 2

=
i∂µφ√

2F
− (∂µφ)φ+ φ(∂µφ)

4F 2
+
φ∂µφ

2F 2
+
i(φ(∂µφ)φ+ φ2(∂µφ))

4
√

2F 3

− iφ2∂µφ

4
√

2F 3
+
φ2(∂µφ)φ+ φ3(∂µφ)

16F 4

=
i∂µφ√

2F
+
φ(∂µφ)− (∂µφ)φ

4F 2
+
iφ(∂µφ)φ

4
√

2F 3
+
φ2(∂µφ)φ+ φ3(∂µφ)

16F 4

ΣR
µ = u∂µu

†

≈
(

1 +
iφ√
2F
− φ2

4F 2

)
∂µ

(
1− iφ√

2F
− φ2

4F 2

)
=

(
1 +

iφ√
2F
− φ2

4F 2

)(
− i∂µφ√

2F
− (∂µφ)φ+ φ(∂µφ)

4F 2

)
= − i∂µφ√

2F
− (∂µφ)φ+ φ(∂µφ)

4F 2
− iφ√

2F
· i∂µφ√

2F
− iφ√

2F
· (∂µφ)φ+ φ(∂µφ)

4F 2

+
φ2

4F 2
· i∂µφ√

2F
+

φ2

4F 2
· (∂µφ)φ+ φ(∂µφ)

4F 2

= − i∂µφ√
2F
− (∂µφ)φ+ φ(∂µφ)

4F 2
+
φ∂µφ

2F 2
− i(φ(∂µφ)φ+ φ2(∂µφ))

4
√

2F 3

+
iφ2∂µφ

4
√

2F 3
+
φ2(∂µφ)φ+ φ3(∂µφ)

16F 4

= − i∂µφ√
2F

+
φ(∂µφ)− (∂µφ)φ

4F 2
− iφ(∂µφ)φ

4
√

2F 3
+
φ2(∂µφ)φ+ φ3(∂µφ)

16F 4
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10.7 Covariant derivative & h±µν

∇µV = ∂µV + [Γµ, V ]. Approximation: Γα ≈ ieAαQ as well as

uµ ≈ −
√

2∂µφ

F
+

√
2ieAµ

F
[φ,Q]

∇αuµ = ∂αuµ + [Γα, uµ]

= ∂α

{
−
√

2∂µφ

F
+

√
2ieAµ

F
[φ,Q]

}
+

[
ieAαQ,−

√
2∂µφ

F
+

√
2ieAµ

F
[φ,Q]

]

≈ ∂α

{
−
√

2∂µφ

F
+

√
2ieAµ

F
[φ,Q]

}
+

[
ieAαQ,−

√
2∂µφ

F

]

= −
√

2∂α∂µφ

F
+

√
2ie∂αAµ

F
[φ,Q] +

√
2ieAµ

F
[∂µφ,Q]− ieAαQ ·

√
2∂µφ

F
+

√
2∂µφ

F
· ieAαQ

= −
√

2∂α∂µφ

F
+

√
2ie∂αAµ

F
[φ,Q] +

√
2ieAµ

F
[∂αφ,Q] +

√
2ieAα

F
[∂µφ,Q]

= −
√

2∂α∂µφ

F
+

√
2ie∂αAµ

F
[φ,Q] +

2
√

2ieAα

F
[∂µφ,Q]

h±µν = ∇µuν ±∇νuµ

h−µν = ∇µuν −∇νuµ

=

(
−
√

2∂µ∂νφ

F
+

√
2ie∂µAν

F
[φ,Q] +

2
√

2ieAµ

F
[∂νφ,Q]

)

−

(
−
√

2∂ν∂µφ

F
+

√
2ie∂νAµ

F
[φ,Q] +

2
√

2ieAν

F
[∂µφ,Q]

)

=

√
2

F
(∂ν∂µ − ∂µ∂ν)Q+

√
2ie

F
[φ,Q] (∂µAν − ∂νAµ) +

2
√

2ie

F
(Aµ [∂νφ,Q]−Aν [∂µφ,Q])

=

√
2ie

F
[φ,Q] (∂µAν − ∂νAµ)

∼= −fµν−

h+
µν = ∇µuν +∇νuµ

=

(
−
√

2∂µ∂νφ

F
+

√
2ie∂µAν

F
[φ,Q] +

2
√

2ieAµ

F
[∂νφ,Q]

)

+

(
−
√

2∂ν∂µφ

F
+

√
2ie∂νAµ

F
[φ,Q] +

2
√

2ieAν

F
[∂µφ,Q]

)

= −
√

2

F
(∂ν∂µ + ∂µ∂ν)φ+

√
2ie

F
[φ,Q] (∂µAν + ∂νAµ) +

2
√

2ie

F
(Aµ [∂νφ,Q] + Aν [∂µφ,Q])
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11 How to calculate

Ref “Odd–intrinsic–parity processes within the Resonance Effective Theory of QCD”, P. D. Ruiz-
Femeńıa, A. Pich and J. Portolés.

11.1 Lagrangians

The low-energy behavior of QCD for the light quark sector (u, d, s) is known to be ruled by the
spontaneous breaking of chiral symmetry giving rise to the lightest hadron degrees of freedom,
identified with the octet of pseudo-scalar mesons. The corresponding effective realization of QCD
describing the interaction between the Goldstone fields is called chiral perturbation theory [1,2,3].
The effective Lagrangian to lowest order in derivatives, O(p2), is given by :

L(2)
χ =

F 2

4
〈uµuµ + χ+〉

with parameters mentioned previously

uµ = i
[
u†(∂µ − irµ)u− u(∂µ − ilµ)u†

]
χ+ = u†χu† + uχ†u

Unitary matrix in the flavor space:

u(φ) = exp

(
iΦ√
2F

)
is a non-linear parameterization of the Goldstone octet of fields:

Φ(x) ≡
~λ√
2
~φ =


1√
2
π0 + 1√

6
η8 π+ K+

π− − 1√
2
π0 + 1√

6
η8 K0

K− K̄0 − 2√
6
η8


The external hermitian matrix fields rµ, lµ, s, p promote the global SU(3)R×SU(3)L symme-

try of the lagrangian to a local one, and generate Green functions of quark currents by taking
appropriate functional derivatives. Interactions with electroweak bosons can be accommodated
through the vector vµ = (rµ + lµ)/2 and axial-vector aµ = (rµ − lµ)/2 fields, while the scalar field
s = M + · · · provides a very convenient way of incorporating explicit chiral symmetry breaking
through the quark masses.

The generating functional Z [v, a, s, p] calculated in terms of the external sources is manifestly
chiral invariant, but the physically interesting Green functions (with broken chiral symmetry) are
obtained by taking a particular direction in flavor space through functional differentiation. Finally,
the lagrangian L(2)

χ is settled by fixing F and B0 from the phenomenology: F ' Fπ ' 92.4 MeV
is the decay constant of the charged pion and B0F

2 = −〈0|ψ̄ψ|0〉0 in the chiral limit.

LV = LKin(V ) + L2(V )
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LKin(V ) = −1

2
〈∇λVλµ∇νV

νµ − M2
V

2
VµνV

µν〉

MV is the mass of the lowest octet of vector resonances under SU(3).

∇µV = ∂µV + [Γµ, V ]

Γµ =
1

2

[
u†(∂µ − irµ)u+ u(∂µ − ilµ)u†

]
in such a way that ∇µV also transforms as an octet under the action of the group. For the
interaction lagrangian L2(V ) we have

L2(V ) =
FV

2
√

2
〈Vµνfµν+ 〉+

iGV√
2
〈Vµνuµuν〉

fµν± = uF µν
L u† ± u†F µν

R u

where F µν
L/R is the field strength tensor of left/right external field lµ, rµ, and FV , GV are real

couplings. The octet fields are written in the usual matrix notation

Vµν =
~λ√
2
~Vµν =


1√
2
ρ0 + 1√

6
ω8 ρ+ K∗+

ρ− − 1√
2
ρ0 + 1√

6
ω8 K∗0

K∗− K̄∗0 − 2√
6
ω8


µν

the effective Lagrangian LχV ≡ L(2)
χ +LV is enough to satisfy the short-distance QCD constraints

where vector resonances play an important role.

Lodd
V = LVJP + LVVP =

7∑
a=1

ca
MV

OaVJP +
4∑

a=1

daOaVVP

11.2 VJP: vector, external, pseudoscalar

VJP terms, vertices with one vector resonance and one external vector source plus one pseu-
doscalar. Herein, ω is the vector resonance, γ is external vector source, and π is pseudoscalar.

O1
VJP = εµνρσ〈{V µν , fρα+ }∇αu

σ〉 O2
VJP = εµνρσ〈{V µα, fρσ+ }∇αu

ν〉
O3

VJP = iεµνρσ〈{V µν , fρσ+ }χ−〉 O4
VJP = iεµνρσ〈V µν [fρσ− , χ+]〉

O5
VJP = εµνρσ〈{∇αV

µν , fρα+ }uσ〉 O6
VJP = εµνρσ〈{∇αV

µα, fρσ+ }uν〉
O7

VJP = εµνρσ〈{∇σV µν , fρα+ }uα〉

Revise Levi-Civita symbol, such as ε1234 = +1, ε2134 = −1. After odd-time permutation, it
changes the symbol.Here we prove εµνρσq

µqσ = 0 for the later convenience.

εµνρσq
µqσ = −εσνρµqµqσ = −εµνρσqσqµ
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γ

π0

ω
q

q − k

k

For massless photon, k2 = kµk
µ = 0. As for the process ω → γπ, the product of two 4-vectors:

(q − k)αk
α = qαk

α − kαkα = q · k =
(q2 + k2)− (q − k)2

2
=
M2

ω −M2
π

2

11.2.1 O1
VJP

O1
VJP = εµνρσ〈{V µν , fρα+ }∇αu

σ〉
= εµνρσ〈

{
V µν , uF ρα

L u† + u†F ρα
R u
}
∇αi

[
u†(∂σ − irσ)u− u(∂σ − ilσ)u†

]
〉

≈ εµνρσ

〈
{V µν , 2eQ(∂αA ρ − ∂ρA α)}∇α

(
−
√

2∂σφ

F

)〉

≈ εµνρσ

〈
{V µν , Q} 2

√
2e

F
(∂ρA α − ∂αA ρ)∂α∂

σφ

〉

L ⊃ C1

MV

O1
VJP =

2
√

2eC1

MV F
εµνρσ 〈{V µν , Q} ∂α∂σφ〉 (∂ρA α − ∂αA ρ)

=
2
√

2eC1

MV F
εµνρσω

µν∂α∂
σπ0(∂ρA α − ∂αA ρ)

Attention to the imaginary unit before Lagrangians

iM(1)
VJP =

δ3iL(1)

δAδπ0δω
=

δ3i

δAδπ0δω

C1

MV

O1
VJP

=
δ3i

δAδπ0δω

[
2
√

2eC1

MV F
εµνρσω

µν∂α∂
σπ0(∂ρA α − ∂αA ρ)

]

=
2
√

2ieC1

MV F
εµνρσ

[
1

Mω

(−iqµενω + iqνεµω) · i(q − k)α · i(q − k)σ · (ikρεαγ − ikαεργ)
]

=
2
√

2ieC1

MV FMω

εµνρσ(−qµενω + qνεµω)(q − k)α(−k)σ(kρεαγ − kαεργ)

=
2
√

2ieC1

MV FMω

εµνρσ(−qµενω + qνεµω)(q − k)α(−k)σ(−kαεργ)

= −2
√

2ieC1

MV FMω

εµνρσ · 2qµενω(q − k)αk
σkαεργ = −4

√
2ieC1

MV FMω

εµνρσq
µενωk

σεργ(qα · kα)

= +
4
√

2ieC1

MV FMω

εµνρσε
µ
γε
ν
ωq

ρkσ(M2
ω −M2

π) = −4
√

2ieC1

MV FMω

εµνρσε
µ
ωε
ν
γq
ρkσ(M2

ω −M2
π)
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11.2.2 O2
VJP

O2
VJP = εµνρσ〈{V µα, fρσ+ }∇αu

ν〉

L ⊃ C2

MV

O2
VJP =

C2

MV

εµνρσ〈{V µα, fρσ+ }∇αu
ν〉

≈ C2

MV

εµνρσ

〈
{V µα, 2eQ(∂σA ρ − ∂ρA σ)}

(
−
√

2

F
∂α∂

νφ

)〉

=
2
√

2eC2

MV F
εµνρσ 〈{V µα, Q} (∂ρA σ − ∂σA ρ)∂α∂

νφ〉

=
2
√

2eC2

MV F
εµνρσω

µα∂α∂
νπ0(∂ρA σ − ∂σA ρ)

iM(2)
VJP =

δ3iL(2)

δAδπ0δω
=

δ3i

δAδπ0δω

C2

MV

O2
VJP

=
2
√

2ieC2

MV F
εµνρσ

1

Mω

(−iqµεαω + iqαεµω) · i(q − k)α · i(q − k)ν · (ikρεσγ − ikσεργ)

=
2
√

2ieC2

MV FMω

εµνρσq
αεµω · (q − k)α · qν · (kρεσγ − kσεργ)

=
2
√

2ieC2

MV FMω

εµνρσ · εµωqν · 2kρεσγ · (qαqα − qα · kα)

=
2
√

2ieC2

MV FMω

εµνρσ · εµωqν · 2kρεσγ
(
M2

ω −
M2

ω −M2
π

2

)
=

2
√

2ieC2

MV FMω

εµνρσε
µ
ωε
ν
γq
ρkσ

(
M2

ω +M2
π

)
11.2.3 O3

VJP

O3
VJP = iεµνρσ〈{V µν , fρσ+ }χ−〉

L ⊃ C3

MV

O3
VJP =

C3

MV

iεµνρσ〈{V µν , fρσ+ }χ−〉

≈ iC3

MV

εµνρσ

〈
{V µν , 2eQ(∂σA ρ − ∂ρA σ)}

(
−
√

2i

F
(χφ+ φχ)

)〉

=
2
√

2eC3

MV F
εµνρσω

µν(∂σA ρ − ∂ρA σ) · 2M2
ππ

0
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iM(3)
VJP =

δ3iL(3)

δAδπ0δω
=

δ3i

δAδπ0δω

C3

MV

O3
VJP

=
δ3i

δAδπ0δω

(
2
√

2eC3

MV F
εµνρσω

µν(∂σA ρ − ∂ρA σ) · 2M2
ππ

0

)

=
2
√

2ieC3

MV F
εµνρσ

1

Mω

(−iqµενω + iqνεµω) · 2M2
π · (ikσεργ − ikρεσγ)

=
2
√

2ieC3

MV FMω

εµνρσ · 2qµενω · 2M2
π · 2kσεργ

=
2
√

2ieC3

MV FMω

εµνρσε
ν
ωε
ρ
γq
µkσ · 8M2

π

=
2
√

2ieC3

MV FMω

εµνρσε
µ
ωε
ν
γq
ρkσ · 8M2

π

11.2.4 O4
VJP

O4
VJP = iεµνρσ〈V µν [fρσ− , χ+]〉

≈ iεµνρσ

〈
V µν ·

[√
2ie

F
(∂σA ρ − ∂ρA σ) [φ,Q] , 2χ

]〉

=

√
2e

F
εµνρσ 〈V µν · [(∂ρA σ − ∂σA ρ)(φQ−Qφ), 2χ]〉

=
2
√

2e

F
εµνρσ〈V µν [(φQ−Qφ), χ]〉(∂ρA σ − ∂σA ρ) = 0

11.2.5 O5
VJP

O5
VJP = εµνρσ〈{∇αV

µν , fρα+ }uσ〉

L ⊃ C5

MV

O5
VJP =

C5

MV

εµνρσ〈{∇αV
µν , fρα+ }uσ〉

≈ C5

MV

εµνρσ

〈
{∂αV µν , 2eQ(∂αA ρ − ∂ρA α)}

(
−
√

2

F
∂σφ

)〉

=
2
√

2eC5

MV F
εµνρσ〈{∂αV µν , Q} (∂ρA α − ∂αA ρ)∂σφ〉

=
2
√

2eC5

MV F
εµνρσ∂αω

µν∂σπ0(∂ρA α − ∂αA ρ)
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iM(5)
VJP =

δ3iL(5)

δAδπ0δω
=

δ3i

δAδπ0δω

C5

MV

O5
VJP

=
2
√

2ieC5

MV F
εµνρσ ·

1

Mω

· (−i)qα · (−iqµενω + iqνεµω) · i(q − k)σ · (ikρεαγ − ikαεργ)

=
2
√

2ieC5

MV FMω

εµνρσ · qα · (qµενω − qνεµω) · (q − k)σ · (kρεαγ − kαεργ)

=
2
√

2ieC5

MV FMω

εµνρσ · qα · (qµενω − qνεµω) · (−k)σ · (kρεαγ − kαεργ)

=
2
√

2ieC5

MV FMω

εµνρσ · 2qνεµω · (−k)σ · qα · kαεργ

=
2
√

2ieC5

MV FMω

εµνρσ · 2qνεµωεργ · (−k)σ ·
(
M2

ω −M2
π

2

)
=

2
√

2ieC5

MV FMω

εµνρσε
µ
ωε
ρ
γq
σkν(M2

ω −M2
π) =

2
√

2ieC5

MV FMω

εµνρσε
µ
ωε
ν
γq
ρkσ(M2

ω −M2
π)

11.2.6 O6
VJP

O6
VJP = εµνρσ〈{∇αV

µα, fρσ+ }uν〉

L ⊃ C6

MV

O6
VJP =

C6

MV

εµνρσ〈{∇αV
µα, fρσ+ }uν〉

≈ C6

MV

εµνρσ

〈
{∂αV µα, 2eQ(∂σA ρ − ∂ρA σ)}

(
−
√

2

F
∂νφ

)〉

=
2
√

2eC6

MV F
εµνρσ〈{∂αV µα, Q} ∂νφ〉(∂ρA σ − ∂σA ρ)

=
2
√

2eC6

MV F
εµνρσ∂αω

µα∂νπ0(∂ρA σ − ∂σA ρ)

iM(6)
VJP =

δ3iL(6)

δAδπ0δω
=

δ3i

δAδπ0δω

C6

MV

O6
VJP

=
δ3i

δAδπ0δω

[
2
√

2eC6

MV F
εµνρσ∂αω

µα∂νπ0(∂ρA σ − ∂σA ρ)

]

=
2
√

2ieC6

MV F
εµνρσ · (−i)qα · (−iqµεαω + iqαεµω) · i(q − k)ν · (ikρεσγ − ikσεργ)

=
2
√

2ieC6

MV F
εµνρσ · qα · (qαεµω − qµεαω) · qν · (kσεργ − kρεσγ)

=
2
√

2ieC6

MV F
εµνρσ · qα · qαεµω · qν · 2kσεργ

=
4
√

2ieC6

MV F
εµνρσM

2
ω · εµωεργqνkσ = −4

√
2ieC6

MV FMω

εµνρσM
2
ω · εµωενγqρkσ
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11.2.7 O7
VJP

C7

MV

O7
VJP =

C7

MV

εµνρσ〈{∇σV µν , fρα+ }uα〉

≈ C7

MV

εµνρσ

〈
{∂σV µν , 2eQ(∂αA ρ − ∂ρA σ)}

(
−
√

2

F
∂αφ

)〉

=
2
√

2eC7

MV F
εµνρσ〈{∂σV µν , Q} ∂αφ〉(∂ρA σ − ∂αA ρ) = 0

εµνρσ∂
σV µν = εµνρσ∂

σ(∂µV ν + ∂νV µ) = (εµνρσ + ενµρσ)∂σ∂µV ν = 0

11.2.8 Scattering amplitude of LVJP

In summary, total Lagrangian of VJP process is the sum of each term.

LVJP =
7∑

a=1

ca
MV

OaVJP

And the total scattering amplitude of ω → γπ as the sum of each term.

iMVJP = iM(1)
VJP + iM(2)

VJP + iM(3)
VJP + iM(5)

VJP + iM(6)
VJP

=

(
−4
√

2ieC1

MV FMω

εµνρσε
µ
ωε
ν
rq
ρkσ(M2

ω −M2
π)

)
+

(
2
√

2ieC2

MV FMω

εµνρσε
µ
ωε
ν
rq
ρkσ

(
M2

ω +M2
π

))

+

(
−2
√

2ieC3

MV FMω

εµνρσε
µ
ωε
ν
rq
ρkσ · 8M2

π

)
+

(
2
√

2ieC5

MV FMω

εµνρσε
µ
ωε
ν
rq
ρkσ(M2

ω −M2
π)

)

+

(
−4
√

2ieC6

MV FMω

εµνρσε
µ
ωε
ν
rq
ρkσM2

ω

)

=
2
√

2ie

MV FMω

εµνρσε
µ
ωε
ν
rq
ρkσ

[
(C2 − C1 + C5 − 2C6)M2

ω + (C1 + C2 + 8C3 − C5)M2
π

]
11.3 VVP: vector, vector, pseudoscalar

VVP terms, vertices involving two vectors resonances and one pseudoscalar. Herein, ω and ρ0 are
vectors resonance, π is pseudoscalar.

O1
VVP = εµνρσ〈{V µν , V ρα}∇αu

σ〉 O2
VVP = iεµνρσ〈{V µν , V ρσ}χ−〉

O3
VVP = εµνρσ〈{∇αV

µν , V ρα}uσ〉 O4
VVP = εµνρσ〈{∇σV µν , V ρα}uα〉

π0

ω
q

q − k

ρ

γ
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First, we discuss ω to ρ0 and π0, then from ρ0 to γ. VVP refers to the former one L1, and the
latter one refers to:

L2 ⊃
Fv

2
√

2
〈Vµνfµν+ 〉 ≈

−eFv√
2
〈VµνQ(∂µA ν − ∂νA µ)〉 =

−eFv
2

(ρ0)θϕ(∂θA ϕ − ∂ϕA β)

out〈γπ0|ω〉in =out 〈γ|ρ0〉〈ρ0π0|ω〉in = 〈γ|iT2|ρ0〉〈ρ0π0|iT1|ω〉 = 〈γπ0|iT1iT2|ω〉

Therefore, it’s needed to calculate two Lagrangians respectively, and then the scattering amplitude.

11.3.1 O1
VVP

L ⊃ d1O1
VVP = d1εµνρσ〈{V µν , V ρα}∇αu

σ〉

≈
√

2d1

F
εµνρσ〈{V µν , V ρα} ∂α∂σφ〉

=
−2d1

F
εµνρσ

(
ωµν(ρ0)ρα + (ρ0)µνωρα

)
∂α∂

σπ0

iM1 =
δ3

δA δπ0δω
〈γπ0|iL1iL2|ω〉

≈ δ3

δA δπ0δω

〈
γπ0

∣∣∣∣−2id1

F
εµνρσ

(
ωµν(ρ0)ρα + (ρ0)µνωρα

)
∂α∂

σπ0 · −ieFv
2

(ρ0)θϕ(∂θA ϕ − ∂ϕA θ)

∣∣∣∣ω〉
=
−ed1Fv
F

εµνρσ

{
−i
Mω

(qµενω − qνεµω) · i(q − k)αi(q − k)σ · i(kθεϕγ − kϕεθγ) ·
i

M2
v

1

M2
v − k2 − iε[

gρθg
α
ϕ(M2

v − k2) + gρθk
αkϕ − gρϕkαkθ − gαθ gρϕ(M2

v − k2)− gαθ kρkϕ + gαϕk
ρkθ
]

+
−i
Mω

(qρεαω − qαερω) · i(q − k)αi(q − k)σ · i(kθεϕγ − kϕεθγ) ·
i

M2
v

1

M2
v − k2 − iε[

gµθ g
ν
ϕ(M2

v − k2) + gµθ k
νkϕ − gµϕkνkθ − gνθgµϕ(M2

v − k2)− gνθkµkϕ + gνϕk
µkθ
]}

=
ied1Fv
FMωM2

v

εµνρσ
1

M2
v − k2 − iε

{
(qµενω − qνεµω)(q − k)α(q − k)σ

[
(kρεαγ − kαεργ)M2

v − (kαεργ

−kρεαγ )M2
v

]
+ (qρεαω − qαερω)(q − k)α(q − k)σ

[
(kµενγ − kνεµγ)M2

v − (kνεµγ − kµενγ)M2
v

]}
=

ied1Fv
FMωM2

v

εµνρσ
[
(qµενω − qνεµω)(q − k)α(q − k)σ(kρεαγ − kαεργ)

+(qρεαω − qαερω)(q − k)α(q − k)σ(kµενγ − kνεµγ)
]

=
ied1Fv
FMωM2

v

εµνρσ
[
4kα(q − k)αq

µkσενωε
ρ
γ + 4qα(k − q)αqσkµερωενγ

]
= − ied1Fv

FMωM2
v

εαβρσε
α
ωε
β
γq

ρkσM2
π
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Below the calculation only with VVP,

iM1
VVP =

δ3

δρ0δπ0δω
〈ρ0π0|iL1

VVP|ω〉

≈ δ3

δρ0δπ0δω

〈
ρ0π0

∣∣∣∣−2id1

F
εµνρσ

(
ωµν(ρ0)ρα + (ρ0)µνωρα

)
∂α∂

σπ0

∣∣∣∣ω〉
= −2id1

F
εµνρσ

[
−i
Mω

(qµενω − qνεµω) · i

Mv

(kρεαγ − kαεργ) ·
1

Mv

i(q − k)αi(q − k)σ

+
−i
Mω

(qρεαω − qαερω) · i

Mv

(kµενγ − kνεµγ) · 1

Mv

i(q − k)αi(q − k)σ
]

=
4id1

FMωM2
v

εµνρσ · (q − k)α(q − k)σ ·
[
qµενω · (kρεαγ − kαεργ) + kµενγ · (qρεαω − qαερω)

]
=

4id1

FMωM2
v

εµνρσ
[
qµενω(−kαεργ)(q − k)α(−kσ) + kµενγ(−qαερω)(q − k)αq

σ
]

=
4id1

FMωM2
v

εµνρσq
µενkσεργ(k − q)α(q − k)α = − 4id1

FMωM2
v

εµνρσε
µ
ωε
ν
γq
ρkσM2

π

Two methods are different from eFv. So we try only VVP terms next.

11.3.2 O2
VVP

L ⊃ d2O2
VVP = id2εµνρσ〈{V µν , V ρσ}χ−〉

≈ id2εµνρσ

〈
{V µν , V ρσ} (−

√
2i

F
)(φχ+ χφ)

〉

=

√
2d2

F
εµνρσ〈{V µν , V ρσ} (φχ+ χφ)〉

#coefficient =
4M2

πd2

F
εµνρσ

[
ωµν(ρ0)ρσ + (ρ0)µνωρσ

]
π0

=
8M2

πd2

F
εµνρσω

µν(ρ0)ρσπ0

iM2
VVP =

δ3

δρ0δπ0δω
〈ρ0π0|iL2

VVP|ω〉

≈ δ3

δρ0δπ0δω

〈
ρ0π0

∣∣∣∣8M2
πd2

F
εµνρσω

µν(ρ0)ρσπ0

∣∣∣∣ω〉
=

8iM2
πd2

F
εµνρσ ·

−i
Mω

(qµενω − qνεµω) · i

Mv

(kρεσγ − kσεργ) ·
1

Mv

=
8iM2

πd2

FMωM2
v

εµνρσ · 2qµενω · 2kρεσγ

= −32iM2
πd2

FMωM2
v

εµνρσε
µ
ωε
ν
γq
ρkσ
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11.3.3 O3
VVP

L ⊃ d3O3
VVP = d3εµνρσ〈{∇αV

µν , V ρα}uσ〉

≈ d3εµνρσ

〈
{∇αV

µν , V ρα} (−
√

2

F
)∂σφ

〉

# = −
√

2d3

F
εµνρσ

√
2
[
∂αω

µν(ρ0)ρα + ∂α(ρ0)µνωρα
]
∂σπ0

= −2d3

F
εµνρσ

[
∂αω

µν(ρ0)ρα + ∂α(ρ0)µνωρα
]
∂σπ0

iM3
VVP =

δ3

δρ0δπ0δω
〈ρ0π0|iL3

VVP|ω〉

≈ δ3

δρ0δπ0δω

〈
ρ0π0

∣∣∣∣−2id3

F
εµνρσ

[
∂αω

µν(ρ0)ρα + ∂α(ρ0)µνωρα
]
∂σπ0

〉
= −2id3

F
εµνρσ

[
(−i)qα ·

−i
Mω

(qµενω − qνεµω) · i

Mv

(kρεαγ − kαεργ) ·
i

Mv

(q − k)σ

+(+i)kα ·
i

Mv

(kµενγ − kνεµγ) · −i
Mω

(qρεαω − qαερω) · i

Mv

(q − k)σ
]

= − 2id3

FMωM2
v

εµνρσ
[
qα(qµενω − qνεµω) · (−kαεργ)(−k)σ − kα(kµενγ − kνεµγ)(−qαερω)qσ

]
= − 4id3

FMωM2
v

εµνρσ
(
qµενωk

σεργ · qαkα + kµενγq
σερω · qαkα

)
= − 4id3

FMωM2
v

εµνρσε
µ
ωε
ν
γq
ρkσ · (M2

ω −M2
π)

11.3.4 O4
VVP

L ⊃ d4O4
VVP = d4εµνρσ〈{∇σV µν , V ρα}uα〉

≈ d4εµνρσ

〈
{∂σV µν , V ρα}

(
−
√

2

F
∂αφ

)〉
= 0

Because εµνρσ∂
σV µν ∝ εµνρσ [kσkµενω − kσkνεµω] = 0, the product of two momenta with indices

inside Levi-Civita symbol equals to 0.

11.3.5 LVVP

Total Lagrangian of VVP terms is the sum of each term,

LVVP =
4∑

a=1

daOaVVP

namely the total L1. Multiply L2 and we get the final scattering amplitude.
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iMVVP =
δ3

δρ0δπ0δω
〈ρ0π0|iLVVP|ω〉

= iM1
VVP + iM2

VVP + iM3
VVP + iM4

VVP

=

(
− 4ied1Fv
FMωM2

v

εαβρσε
α
ωε
β
γq

ρkσ ·M2
π

)
+

(
−32ieFvd2

FMωM2
v

εµνρσε
µ
ωε
ν
γq
ρkσ ·M2

π

)
+

(
− 4ieFvd3

FMωM2
v

εµνρσε
µ
ωε
ν
γq
ρkσ · (M2

ω −M2
π)

)
+ 0

= − 4ied1Fv
FMωM2

v

εαβρσε
α
ωε
β
γq

ρkσ
[
(d1 + 8d2 − d3)M2

π + d3M
2
ω

]
11.3.6 Discussion

Herein, we validate that |ρ0〉 〈ρ0| would introduce eFv.

out〈γπ0|ω〉in =out 〈γ|ρ0〉〈ρ0π0|ω〉in = 〈γ|iT2|ρ0〉〈ρ0π0|iT1|ω〉 = 〈γπ0|iT1iT2|ω〉

L2 ⊃
Fv

2
√

2
〈Vµνfµν+ 〉 ≈

−eFv√
2
〈VµνQ(∂µA ν − ∂νA µ)〉 =

−eFv
2

(ρ0)θϕ(∂θA ϕ − ∂ϕA β)

[(ρ0)ρα + (ρ0)µν ] with 〈ρ0|, as well as (ρ0)θϕ with |ρ0〉. Take (ρ0)ρα(ρ0)θϕ as an instance, (the same
procedure for (ρ0)µν(ρ0)θϕ, by changing indices.)

· · ·
〈
ρ0
∣∣ (ρ0)ρα(ρ0)θϕ

∣∣ρ0
〉

= i(kρεα − kαερ) · (−i)(kθεϕ − kϕεθ)
= (kρεαkθεϕ − kρεαkϕεθ − kαερkθεϕ + kαερkϕεθ)

= (kρεα − kαερ)kθεϕ − (kρεα − kαερ)kϕεθ
∼ (kρεα − kαερ)gϕθ kϕkϕ − (kρεα − kαερ)gθϕkθkθ
= (kρεα − kαερ)M2

v − (kρεα − kαερ)k2

= 2kρεα(M2
v − k2)

(M2
v − k2) in the final result vanishes due to 1

M2
v−k2−iε

, and the latter was introduced by Feynman

propagator, with the minus symbol from
∑
ε∗µεν → gµν . Moreover, coefficient 2 vanishes by −eFv

2
,

leaving eFv only. Note that ∼ refers to εθ replaced by kθ, like that in Ward identity. With on-shell
relation m2 = k2, we write M2

v − k2.
Certainly, the result would always be the same as tensor propagators.

µν ρσ

〈0 |T {Wµν(x),Wρσ(y)}| 0〉

=
i

M2

∫
d4ke−ik(x−y)

(2π)4(M2 − k2 + iε)

[
gµρgνσ(M2 − k2) + gµρkνkσ − gµσkνkρ − (µ↔ ν)

]
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12 Summary

12.1 Process of calculation

Peskin:

1. Draw Feynman diagrams, designate momenta etc;

2. Determine initial and final states, write eq. 4.71 and 4.73;

3. Write M according to Feynman rules;

4. CalculateM by trace tech;

Primer:

1. Determine Lagrangian terms according to the symmetry;

2. Calculate VJP and VVP terms;

3. Obtain correlation function by functional derivatives;

4. Add all terms to get the total scattering amplitude;

12.2 Functionals and Local Functional Derivatives

Appendix B. of Primer.
Local functional derivatives are natural generalizaiton so f classical partial derivatives to infinite

dimensions. Let F denote the set of all functions j : Rn → K(K = R or C). A real (complex)
functional is a map j 7→ Z [j] from F to R (C), which assigns a real (complex) number to Z [j]
to each function j. A typical example is given by an integral of the type

F [j] =

∫
dnxg [j(x)]

with g an integrable function. Let j be a function of two sets of variables, collectively denoted by
x and y; F [j(y)] denotes a functional which depends on the values of j for all x at fixed y.

Consider a definition of partial functional derivatives based on the Dirac delta function,

δy :

{
Rn → R
x 7→ δy(x) = δn(x− y)

In terms of the Dirac delta function the partial functional derivative is defined as

δF [f ]

δf(y)
≡ lim

ε→0

F [f + εδy]− F [f ]

ε
(B.1)

Partial functional derivatives share basic properties with ordinary partial derivatives, namely
linearity & product rule & chain rule.
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Define f(y) as the functional

f(y) = Fy [f ] =

∫
dnzδn(y − z)f(z)

and then apply B.1. An important rule for the local functional derivative of a function is

δf(y)

δf(x)
= δn(y − x) (B.2)

Analogously we have
δg [f(y)]

δf(x)
= δn(y − x)g′ [f(y)]

δkg [f(y)]

δf(xk) · · · δf(x1)
= δn(y − xk) · · · δn(y − x1)g(k) [f(y)]

Consider the generating functional of Green functions as partial functional derivatives

Gn(x1, · · · , xn) = 〈0 |T [φ(x1) · · ·φ(xn)]| 0〉

of a real scalar field operator φ whose dynamics is determined by a Lagrangian Lext = j(x)φ(x).
Note

f(x) = a0 + a1x+
1

2
a2x

2 + · · · ⇒ dnf

dxn
(x = 0) = an

the generating functional for the Green functions Gn is given by

exp(iZ [j]) =

〈
0

∣∣∣∣T exp

[
i

∫
d4xLext(x)

]∣∣∣∣ 0〉
= 1 + i

∫
d4xj(x)〈0 |φ(x)| 0〉+

∞∑
k=2

ik

k!

∫
d4x1 · · · d4xkj(x1) · · · j(xk)〈0 |T [φ(x1) · · ·φ(xk)]| 0〉

Some remarks:

1. Sometimes exp(iZ [j]) written as Z [j], and Z [j] as W [j] ... ...

2. j represents a function and can thus be taken out of the matrix element.

3. Select the proper expansion of order for Green functions, i.e. second order for G2

G2(x1, x2) = (−i)2 δ
2 exp(iZ [j])

δj(x1)j(x2)

∣∣∣∣
j=0
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Part IV

ee to pi pi eta
Ref: Dai, Ling Yun, Jorge Portolés, and Olga Shekhovtsova. “Three pseudoscalar meson produc-
tion in e+ e annihilation.” Physical Review D 88.5 (2013): 056001.

13 Feynman diagrams

(a)

π+

π−

η

k1

k2

k3

(b)
V1

π+

π−

η

k1

k2

k3

(c)
V2

η
k3

π+

π−

k1

k2
(d)

V3

η
k3

V4

π+

π−

k1

k2

14 Notions & Parameters

14.1 Form factors

Mη, the amplitude for the process, with hadronic matrix element T ηµ

Mη = −4πα

Q2
T ηµ v̄(k′)γµu(k) = −4πα

Q2
· iF η

V · εµναβk
ν
1k

α
2 k

β
3 v̄(k′)γµu(k)

T ηµ ≡
〈
π+(k1)π−(k2)η(k3)

∣∣J em
µ eiLQCD

∣∣ 0〉
In elementary particle physics and mathematical physics, a form factor is a function that encap-
sulates the properties of a certain particle interaction w/o including all of the underlying physics,
but instead, providing the momentum dependence of suitable matrix elements.〈

π+(k1)π−(k2)η(k3)
∣∣J em

µ eiLQCD
∣∣ 0〉 = iF η

V (Q2, s, t) · εµναβkν1kα2 k
β
3

Here the Mandelstam variables:

Q = k + k′ ECM ≡
√
Q2 s = (Q− k3)2 t = (Q− k1)2 u = Q2 + 2m2

π +m2
η − s− t
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The final result is furnished by the sum of four diagram contributions as:

F η
V (Q2, s, t) = F η

a + F η
b + F η

c + F η
d

The amplitude for three-meson production in e−e+ collisions at low energies is dominantly
driven by the electromagnetic current below:

J em
µ = V3

µ + V8
µ/
√

3

(
V iµ = q̄γµ

λi

2
q

)
= q̄γµ

λ3

2
q + q̄γµ

λ8

2
q/
√

3

=
1

2
q̄γµ

 1 0 0
0 −1 0
0 0 0

+
1

3

 1 0 0
0 1 0
0 0 −2

 q =
1

3
q̄γµ

 2 0 0
0 −1 0
0 0 −1

 q

14.2 Lagrangians

LRχT =LGB
(2) + LGB

(4) + LV

LGB
(2) = LχPT

(2) =
F 2

4
〈uµuµ + χ+〉

LGB
(4) =

iNC

√
2

12π2F 3
εµνρσ 〈∂µΦ∂νΦ∂ρΦvσ〉+ · · ·

LV = LV
kin + LV

int =

(
−1

2

〈
∇λVλµ∇νV

νµ
〉

+
1

4
M2

V 〈VµνV µν〉
)

+ LV
(2) + LV

(4) + LVV
(2)

LV
(2) =

FV

2
√

2
〈Vµνfµν+ 〉+

iGV√
2
〈Vµνuµuν〉

LV
(4) =

7∑
j=1

cj
MV

OjVJP +
5∑
j=1

gj
MV

OjVPPP

LVV
(2) =

4∑
j=1

djOjVVP

Φ =

 η/
√

6 π+ .

π− η/
√

6 .
. . − 2√

6
η


14.3 Mixing angle(

η
η′

)
=

(
cos θP − sin θP
sin θP cos θP

)(
η8

η0

) (
V 8
µ

V 0
µ

)
=

(
cos θV − sin θV
sin θV cos θV

)(
φ8

ω0

)
Suppose

sin θP = 0 sin θV = 1/
√

3
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15 Calculations w/o mixing angles

15.1 LGB
(4) term

LGB
(4) =

iNC

√
2

12π2F 3
εµνρσ 〈∂µΦ∂νΦ∂ρΦvσ〉

=
iNC

√
2

12π2F 3
εµνρσ

〈
1√
6
∂µνρ



π+π−η
ηπ+π−

π+ηπ−
. .

.
π−ηπ+

ηπ−π+

π−π+η
.

. . 0


(−eQA σ)

〉

=
iNC

12
√

3π2F 3
εµνρσ

〈
∂µνρ



π+π−η
ηπ+π−

π+ηπ−
. .

.
π−ηπ+

ηπ−π+

π−π+η
.

. . 0


·
(
−eA σ

3

) 2 0 0
0 −1 0
0 0 −1

〉

=
iNC

12
√

3π2F 3
εµνρσ · ∂µνρ

2

π
+π−η

ηπ+π−

π+ηπ−

−
π

−ηπ+

ηπ−π+

π−π+η


(−eA σ

3

)

=
iNC

12
√

3π2F 3
εµνρσ∂

µπ+∂νπ−∂ρη · (−eA σ)

T ηµ ≡
〈
π+(k1)π−(k2)η(k3)

∣∣J em
µ eiLQCD

∣∣ 0〉
≈
〈
π+(k1)π−(k2)η(k3)

∣∣J em
µ · (1 + iLQCD)

∣∣ 0〉
=
〈
π+(k1)π−(k2)η(k3)

∣∣J em
µ · iLQCD

∣∣ 0〉
=

〈
π+(k1)π−(k2)η(k3)

∣∣∣∣J em
µ ·

NC

12
√

3π2F 3
εµνρσ∂

µπ+∂νπ−∂ρη · (eA σ)

∣∣∣∣ 0〉
=

〈
π+(k1)π−(k2)η(k3)

∣∣∣∣J em
µ ·

NC

12
√

3π2F 3
εσνρµ∂

σπ+∂νπ−∂ρη · (eA µ)

∣∣∣∣ 0〉
=

−NC

12
√

3π2F 3
εσνρµ · ikσ1 · ikν2 · ik

ρ
3 =

iNC

12
√

3π2F 3
εσνρµk

σ
1k

ν
2k

ρ
3

=
iNC

12
√

3π2F 3
εσνρµk

ν
1k

ρ
2k

σ
3 =

−iNC

12
√

3π2F 3
εµνρσk

ν
1k

ρ
2k

σ
3

=
−iNC

12
√

3π2F 3
εµναβk

ν
1k

α
2 k

β
3 = iF η

a (Q2, s, t) · εµναβkν1kα2 k
β
3

F η
a = − NC

12
√

3π2F 3
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15.2 VPPP terms

LV
(4) =

7∑
j=1

cj
MV

OjVJP +
5∑
j=1

gj
MV

OjVPPP

O1
VPPP = iεµναβ

〈
V µν(hαγuγu

β − uβuγhαγ)
〉

O2
VPPP = iεµναβ

〈
V µν(hαγuβuγ − uγuβhαγ)

〉
O3

VPPP = iεµναβ
〈
V µν(uγh

αγuβ − uβhαγuγ)
〉

O4
VPPP = εµναβ

〈{
V µν , uαuβ

}
χ−
〉

O5
VPPP = εµναβ

〈
uαV µνuβχ−

〉
15.2.1 O1

VPPP

uµ = i
[
u†(∂µ − irµ)u− u(∂µ − ilµ)u†

]
≈ −
√

2∂µφ

F

hµν = ∇µuν +∇νuµ ≈ −
√

2

F
(∂ν∂µ + ∂µ∂ν)φ

fµν+ = uF µν
L u† + u†F µν

R u ≈ −2eQ(∂µAν − ∂νAµ)

L1
VPPP =

g1

MV

· iεµναβ
〈
V µν(hαγuγu

β − uβuγhαγ)
〉

=
g1

MV

· iεµναβ

〈
V µν

[(
−
√

2

F

)
(∂α∂γ + ∂γ∂α)φ ·

(
−
√

2

F

)
∂γφ ·

(
−
√

2

F

)
∂βφ− · · ·

]〉

=
−2
√

2ig1√
3F 3MV

εµναβ
[
ρµν (∂α∂γ + ∂γ∂α) π+∂γπ

−∂βη − ρµν∂βπ+∂γπ
− (∂α∂γ + ∂γ∂α) η

]

LV
(2) =

FV

2
√

2
〈Vµνfµν+ 〉+

iGV√
2
〈Vµνuµuν〉 ⊃

FV

2
√

2
〈Vµνfµν+ 〉 =

−eFV
2

ρµν(∂
µA ν − ∂νA µ)

=
FV

2
√

2

〈
1√
2

 ρ . .
. −ρ .
. . 0


µν

· (−2e/3)

 2 0 0
0 −1 0
0 0 −1

 (∂µA ν − ∂νA µ)

〉
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T ηµ ≡
〈
π+(k1)π−(k2)η(k3)

∣∣J em
µ eiLQCD

∣∣ 0〉 ≈ 〈π+(k1)π−(k2)η(k3)
∣∣J em

µ · iL1
VPPP · iLV

(2)

∣∣ 0〉
=

〈
π+π−η

∣∣∣∣−J em
µ ·

−4ig1√
6MV F 3

εµναβρ
µν
[
∂αγ∂γ∂

β (· · · )− ∂β∂γ∂αγ (· · · )
]
· −eFV

2
ρθϕ(∂θA ϕ − ∂ϕA θ)

∣∣∣∣ 0〉
=

2ieFV g1εµναβ√
6MV F 3

〈
π+π−η

∣∣∣∣−J em
µ ·

[
∂αγ∂γ∂

β (· · · )− ∂β∂γ∂αγ (· · · )
]
·
i(gµθ g

ν
ϕ − gνθgµϕ)

M2
ρ −Q2

(∂θA ϕ − ∂ϕA θ)

∣∣∣∣ 0〉
=

−4eFV g1εµναβ√
6MV F 3(M2

ρ −Q2)

〈
π+π−η

∣∣−J em
µ ·

[
∂αγ∂γ∂

β (· · · )− ∂β∂γ∂αγ (· · · )
]
· (−2)∂νA µ

∣∣ 0〉
=

8FV g1εµναβ√
6MV F 3(M2

ρ −Q2)
(−iQν)

 1α1γ2γ3
β

3α3γ1γ2
β

1α1γ3γ2
β

−
2α2γ3γ1

β

2α2γ1γ3
β

3α3γ2γ1
β

−
 1β2γ3

α3γ

3β1γ2
α2γ

1β3γ2
α2γ

−
2β3γ1

α1γ

2β1γ3
α3γ

3β2γ1
α1γ


=
−4
√

6iFV g1εµναβ
3MV F 3(M2

ρ −Q2)
1ν2α3β(−12− 13 + 13 + 23− 12− 23− 23− 12 + 23 + 13− 13− 12)

=

[
8
√

6iFV g1εµναβ
3MV F 3(M2

ρ −Q2)
kν1k

α
2 k

β
3

]
· 2(k1k2) = [· · · ] · (s− 2m2

π)

F η
b (1) =

8
√

6FV
3MV F 3(M2

ρ −Q2)
· g1(s− 2m2

π)

15.2.2 O2
VPPP

Note, 1 refers to π+, 2 refers to π , 3 refers to η; or k1, k2, k3 if with indices.

L2
VPPP =

g2

MV

O2
VPPP =

g2

MV

· iεµναβ
〈
V µν(hαγuβuγ − uγuβhαγ)

〉
=

g2

MV

· iεµναβ

〈
V µν

[(
−
√

2

F

)
(∂α∂γ + ∂γ∂α)φ ·

(
−
√

2

F

)
∂βφ ·

(
−
√

2

F

)
∂γφ− · · ·

]〉

=
−2
√

2ig2√
3F 3MV

εµναβ
[
ρµν (∂α∂γ + ∂γ∂α) π+∂βπ−∂γη − ρµν∂γπ+∂βπ− (∂α∂γ + ∂γ∂α) η

]
=
−4i√
6F 3

εµναβρ
µν

∂αγ∂β∂γ
 123

312
132

−
231
213
321

− ∂γ∂β∂αγ
 123

312
132

−
231
213
321


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T ηµ ≡
〈
π+(k1)π−(k2)η(k3)

∣∣J em
µ eiLQCD

∣∣ 0〉 ≈ 〈π+(k1)π−(k2)η(k3)
∣∣J em

µ · iL2
VPPP · iLV

(2)

∣∣ 0〉
=

〈
π+π−η

∣∣∣∣−J em
µ ·

−4ig2√
6MV F 3

εµναβρ
µν
[
∂αγ∂β∂γ (· · · )− ∂γ∂β∂αγ (· · · )

]
· −eFV

2
ρθϕ(∂θA ϕ − ∂ϕA θ)

∣∣∣∣ 0〉
=

2ieFV g2εµναβ√
6MV F 3

〈
π+π−η

∣∣∣∣−J em
µ ·

[
∂αγ∂β∂γ (· · · )− ∂γ∂β∂αγ (· · · )

]
·
i(gµθ g

ν
ϕ − gνθgµϕ)

M2
ρ −Q2

(∂θA ϕ − ∂ϕA θ)

∣∣∣∣ 0〉
=

−4eFV g2εµναβ√
6MV F 3(M2

ρ −Q2)

〈
π+π−η

∣∣−J em
µ ·

[
∂αγ∂β∂γ (· · · )− ∂γ∂β∂αγ (· · · )

]
· (−2)∂νA µ

∣∣ 0〉
=

8FV g2εµναβ√
6MV F 3(M2

ρ −Q2)
(−iQν)

 1α1γ2β3γ
3α3γ1β2γ
1α1γ3β2γ

−
2α2γ3β1γ
2α2γ1β3γ
3α3γ2β1γ

−
 1γ2

β3α3γ

3γ1
β2α2γ

1γ3
β2α2γ

−
2γ3

β1α1γ

2γ1
β3α3γ

3γ2
β1α1γ


=
−4
√

6iFV g2εµναβ
3MV F 3(M2

ρ −Q2)
1ν2α3β(13 + 23− 12− 12 + 23 + 13− 12 + 23 + 13 + 13 + 23− 12)

=

[
8
√

6iFV g2εµναβ
3MV F 3(M2

ρ −Q2)
kν1k

α
2 k

β
3

]
· 2(k1k2 − k1k3 − k2k3) = [· · · ] ·

[
(s− 2m2

π)− (Q2 −m2
η − s)

]

F η
b (2) =

8
√

6FV
3MV F 3(M2

ρ −Q2)
· g2(2s−Q2 +m2

η − 2m2
π)

15.2.3 O3
VPPP

L3
VPPP =

g3

MV

O3
VPPP =

g3

MV

· iεµναβ
〈
V µν(uγh

αγuβ − uβhαγuγ)
〉

=
g3

MV

· iεµναβ

〈
V µν

[(
−
√

2

F

)
∂γφ ·

(
−
√

2

F

)
(∂α∂γ + ∂γ∂α)φ ·

(
−
√

2

F

)
∂βφ− · · ·

]〉

=
−2
√

2ig3√
3F 3MV

εµναβ
[
ρµν∂γπ

+ (∂α∂γ + ∂γ∂α) π−∂βη − ρµν∂βπ+ (∂α∂γ + ∂γ∂α) π−∂γη
]
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T ηµ ≡
〈
π+(k1)π−(k2)η(k3)

∣∣J em
µ eiLQCD

∣∣ 0〉 ≈ 〈π+(k1)π−(k2)η(k3)
∣∣J em

µ · iL3
VPPP · iLV

(2)

∣∣ 0〉
=

〈
π+π−η

∣∣∣∣−J em
µ ·

−4ig3√
6MV F 3

εµναβρ
µν
[
∂γ∂

αγ∂β (· · · )− ∂β∂αγ∂γ (· · · )
]
· −eFV

2
ρθϕ(∂θA ϕ − ∂ϕA θ)

∣∣∣∣ 0〉
=

2ieFV g3εµναβ√
6MV F 3

〈
π+π−η

∣∣∣∣−J em
µ ·

[
∂γ∂

αγ∂β (· · · )− ∂β∂αγ∂γ (· · · )
]
·
i(gµθ g

ν
ϕ − gνθgµϕ)

M2
ρ −Q2

(∂θA ϕ − ∂ϕA θ)

∣∣∣∣ 0〉
=

−4eFV g3εµναβ√
6MV F 3(M2

ρ −Q2)

〈
π+π−η

∣∣−J em
µ ·

[
∂γ∂

αγ∂β (· · · )− ∂β∂αγ∂γ (· · · )
]
· (−2)∂νA µ

∣∣ 0〉
=

8FV g3εµναβ√
6MV F 3(M2

ρ −Q2)
(−iQν)

 1γ2
α2γ3β

3γ1
α1γ2β

1γ3
α3γ2β

−
2γ3

α3γ1β

2γ1
α1γ3β

3γ2
α2γ1β

−
 1β2α2γ3γ

3β1α1γ2γ
1β3α3γ2γ

−
2β3α3γ1γ
2β1α1γ3γ
3β2α2γ1γ


=
−4
√

6iFV g1εµναβ
3MV F 3(M2

ρ −Q2)
1ν2α3β(12 + 13− 13− 23 + 12 + 23 + 23 + 12− 23− 13 + 13 + 12)

=

[
−8
√

6iFV g3εµναβ
3MV F 3(M2

ρ −Q2)
kν1k

α
2 k

β
3

]
· 2(k1k2) = [· · · ] · (s− 2m2

π)

F η
b (3) =

−8
√

6FV
3MV F 3(M2

ρ −Q2)
· g3(s− 2m2

π)

15.2.4 O4
VPPP

O4
VPPP = εµναβ

〈{
V µν , uαuβ

}
χ−
〉

= εµναβ

〈[
V µν

(
−
√

2

F

)
∂αφ ·

(
−
√

2

F

)
∂βφ+

(
−
√

2

F

)
∂αφ ·

(
−
√

2

F

)
∂βφV µν

]
·
√

2i

F
(φχ+ φχ)

〉

=
4
√

2i

F 3
εµναβ

〈(
V µν∂αφ∂βφ+ ∂αφ∂βφV µν

)
φ
〉
·m2

π

=
4
√

2im2
π√

3F 3
εµναβρ

µν∂απ+∂βπ−η × 2 [µν ↔ αβ] =
8
√

2im2
π√

3F 3
εµναβρ

µν∂απ+∂βπ−η

T ηµ ≡
〈
π+(k1)π−(k2)η(k3)

∣∣J em
µ eiLQCD

∣∣ 0〉 ≈ 〈π+(k1)π−(k2)η(k3)
∣∣J em

µ · iL4
VPPP · iLV

(2)

∣∣ 0〉
=
〈
π+π−η

∣∣J em
µ ·

8
√

2ig4m
2
π√

3MV F 3
εµναβρ

µν∂απ+∂βπ−η · eFV
2
ρµν(∂

µA ν − ∂νA µ) |0〉

=
8
√

2iFV g4m
2
π√

3MV F 3
εµναβ · ikα1 ik

β
2 ·
−i
M2

ρ

1

Q2 −M2
ρ

[
gµθ g

ν
ϕ(M2

ρ −Q2) + gµθQ
νQϕ − gµϕQνQθ − (µ↔ ν)

]
· iQϕ

=
8
√

2iFV g4m
2
π√

3MV F 3
εµναβ ·

1

M2
ρ −Q2

kα1 k
β
2 · 2(k1 + k2 + k3)ν =

8
√

2iFV g4m
2
π√

3MV F 3(M2
ρ −Q2)

εµναβ · kν1kα2 k
β
3 · 2

F η
b (4) =

8
√

6FV
3MV F 3(M2

ρ −Q2)
· 2g4m

2
π
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15.2.5 O5
VPPP

L5
VPPP =

g5

MV

O5
VPPP =

g5

MV

· εµναβ
〈
uαV µνuβχ−

〉
= εµναβ

〈[(
−
√

2

F

)
∂αφ · V µν ·

(
−
√

2

F

)
∂βφ

]
·
√

2i

F
(φχ+ φχ)

〉

=
4
√

2i

F 3
εµναβ

〈(
∂αφ · V µν · ∂βφ

)
φ
〉
·m2

π =
4
√

2im2
π√

3F 3
εµναβ∂

απ+ · ρµν · ∂βπ− · η

T ηµ ≡
〈
π+(k1)π−(k2)η(k3)

∣∣J em
µ eiLQCD

∣∣ 0〉 ≈ 〈π+(k1)π−(k2)η(k3)
∣∣J em

µ · iL5
VPPP · iLV

(2)

∣∣ 0〉
=
〈
π+π−η

∣∣J em
µ ·

4
√

2ig4m
2
π√

3MV F 3
εµναβρ

µν∂απ+∂βπ−η · eFV
2
ρµν(∂

µA ν − ∂νA µ) |0〉

=
4
√

2iFV g4m
2
π√

3MV F 3
εµναβ · ikα1 ik

β
2 ·
−i
M2

ρ

1

Q2 −M2
ρ

[
gµθ g

ν
ϕ(M2

ρ −Q2) + gµθQ
νQϕ − gµϕQνQθ − (µ↔ ν)

]
· iQϕ

=
4
√

2iFV g4m
2
π√

3MV F 3
· εµναβ
M2

ρ −Q2
kα1 k

β
2 · 2(k1 + k2 + k3)ν =

8
√

2iFV g4m
2
π√

3MV F 3(M2
ρ −Q2)

εµναβ · kν1kα2 k
β
3

F η
b (5) =

8
√

6FV
3MV F 3(M2

ρ −Q2)
· g5m

2
π

15.3 VJP terms

LV
(4) =

7∑
j=1

cj
MV

OjVJP +
5∑
j=1

gj
MV

OjVPPP

O1
VJP = εµνρσ〈{V µν , fρα+ }∇αu

σ〉 O2
VJP = εµνρσ〈{V µα, fρσ+ }∇αu

ν〉
O3

VJP = iεµνρσ〈{V µν , fρσ+ }χ−〉 O4
VJP = iεµνρσ〈V µν [fρσ− , χ+]〉

O5
VJP = εµνρσ〈{∇αV

µν , fρα+ }uσ〉 O6
VJP = εµνρσ〈{∇αV

µα, fρσ+ }uν〉
O7

VJP = εµνρσ〈{∇σV µν , fρα+ }uα〉

LV
(2) =

FV

2
√

2
〈Vµνfµν+ 〉+

iGV√
2
〈Vµνuµuν〉 ⊃

iGV√
2
〈Vµνuµuν〉 =

2iGV

F 2
ρµν · ∂µπ+ · ∂νπ−

=
iGV√

2

〈
1√
2

 ρ . .
. −ρ .
. . 0


µν

·

(
−
√

2

F

)
∂µ

 . π+ .
π− . .
. . 0

 ·(−√2

F

)
∂ν

 . π+ .
π− . .
. . 0

〉

T ηµ ≡
〈
π+(k1)π−(k2)η(k3)

∣∣J em
µ eiLQCD

∣∣ 0〉 =
〈
π+(k1)π−(k2)η(k3)

∣∣∣J em
µ ei(L

V
(2)

+LVJP)
∣∣∣ 0〉

≈
〈
π+(k1)π−(k2)η(k3)

∣∣J em
µ

(
1 + iLV

(2)

)
(1 + iLVJP)

∣∣ 0〉
=
〈
π+(k1)π−(k2)η(k3)

∣∣−J em
µ · LV

(2) · LVJP

∣∣ 0〉
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15.3.1 O1
VJP

O1
VJP = εµνρσ〈{V µν , fρα+ }∇αu

σ〉

≈ εµνρσ

〈
{V µν , 2eQ(∂αA ρ − ∂ρA α)}∇α

(
−
√

2∂σφ

F

)〉

≈ εµνρσ

〈
{V µν , Q} 2

√
2e

F
(∂ρA α − ∂αA ρ)∂α∂

σφ

〉

=
2
√

2e

F
εµνρσ

〈 1√
2

 ρ . .
. −ρ .
. . 0

µν

,

 2/3 0 0
0 −1/3 0
0 0 −1/3


(∂ρA α − ∂αA ρ)∂α∂

σ 1√
6

 η . .
. η .
. . −2η

〉

=
4e√
6F

εµνρσ(∂ρA α − ∂αA ρ) · ρµν · ∂α∂ση

T ηµ ≡
〈
π+(k1)π−(k2)η(k3)

∣∣J em
µ eiLQCD

∣∣ 0〉 ≈ 〈π+(k1)π−(k2)η(k3)
∣∣J em

µ · iL1
VJP · iLV

(2)

∣∣ 0〉
=
〈
π+π−η

∣∣− J em
µ ·

4c1e√
6MV F

εµνρσ(∂ρA α − ∂αA ρ)ρµν∂α∂
ση · 2iGV

F 2
ρθϕ∂

θπ+∂ϕπ− |0〉

=
8iGV c1e√

6MV F 3
εµνρσ

〈
π+π−η

∣∣− J em
µ · (∂ρA α − ∂αA ρ)∂α∂

ση · i

M2
ρ

1

M2
ρ − s[

gµθ g
ν
ϕ(M2

ρ − s) + gµθ (k1 + k2)ν(k1 + k2)ϕ − gµϕ(k1 + k2)ν(k1 + k2)θ − (µ→ ν)] ∂θπ+∂ϕπ− |0〉

=
8iGV c1e√

6MV F 3
εµνρσ

〈
π+π−η

∣∣− J em
µ · (∂ρA α − ∂αA ρ)∂α∂

ση · i

M2
ρ

1

M2
ρ − s[

∂µπ+∂νπ−(M2
ρ − s) + ∂µπ+(k1 + k2)ν(k1 + k2)ϕ∂

ϕπ− − ∂µπ−(k1 + k2)ν(k1 + k2)θ∂
θπ+ − (µ→ ν)] |0〉

=
8iGV c1e√

6MV F 3
εµνρσ

〈
π+π−η

∣∣− J em
µ (∂ρA α − ∂αA ρ)∂α∂

ση · i

M2
ρ − s

(∂µπ+∂νπ− − ∂νπ+∂µπ−) |0〉

=
8iGV c1e√

6MV F 3
εµνρσ

〈
π+π−η

∣∣− J em
µ (∂µA α − ∂αA µ)∂α∂

ση · 2i

M2
ρ − s

∂νπ+∂ρπ− |0〉

=
−16GV c1√

6MV F 3(M2
ρ − s)

εµνρσ · iQα · ik3αik
σ
3 · ikν1 ik

ρ
2

=

[
−8iGV c1√

6MV F 3(M2
ρ − s)

εµνρσk
ν
1k

ρ
2k

σ
3

]
· 2Qαk3α = [· · · ] ·

[
Q2 + k2

3 − (Q− k3)2
]

=
−4
√

6iGV c1

3MV F 3(M2
ρ − s)

εµνρσk
ν
1k

ρ
2k

σ
3 · (Q2 +m2

η − s)

F η
c (1) =

−4
√

6GV c1

3MV F 3(M2
ρ − s)

(Q2 +m2
η − s)
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15.3.2 O2
VJP

O2
VJP = εµνρσ〈{V µα, fρσ+ }∇αu

ν〉

= εµνρσ

〈 1√
2

 ρ . .
. −ρ .
. . 0

µα

, (−2e

3
)

 2 . .
. −1 .
. . −1

 (∂ρA σ − ∂σA ρ)

 ∂α∂
ν(−
√

2φ

F
)

〉

=
2
√

2e

3
√

3F
εµνρσ(∂ρA σ − ∂σA ρ)

〈 2ρ . .
. ρ .
. . 0

µα

∂α∂
ν

 η . .
. η .
. . −2η

〉

=
2
√

2e√
3F

εµνρσ(∂ρA σ − ∂σA ρ)ρµα∂α∂νη

T ηµ ≡
〈
π+(k1)π−(k2)η(k3)

∣∣J em
µ eiLQCD

∣∣ 0〉 ≈ 〈π+(k1)π−(k2)η(k3)
∣∣J em

µ · iL2
VJP · iLV

(2)

∣∣ 0〉
=
〈
π+π−η

∣∣− J em
µ ·

4
√

2c2e√
3MV F

εµνρσ∂
ρA σρµα∂α∂

νη · 2iGV

F 2
ρθϕ∂

θπ+∂ϕπ− |0〉

=
8
√

2iGV c2e√
3MV F 3

εµνρσ
〈
π+π−η

∣∣− J em
µ · ∂ρA σ · ∂α∂νη ·

i

M2
ρ

1

M2
ρ − s[

gµθ g
α
ϕ(M2

ρ − s) + gµθ (k1 + k2)α(k1 + k2)ϕ − gµϕ(k1 + k2)α(k1 + k2)θ − (µ→ α)
]
∂θπ+∂ϕπ− |0〉

=
8
√

2iGV c2e√
3MV F 3

εµνρσ
〈
π+π−η

∣∣− J em
µ · ∂ρA µ · ∂α∂ση ·

i

M2
ρ − s

(∂νπ+∂απ− − ∂απ+∂νπ−) |0〉

=
8
√

2iGV c2√
3MV F 3

εµνρσ · (−iQρ) · ik3αik
σ
3 ·

i

M2
ρ − s

(ikν1 · ikα2 − ikα1 · ikν2)

=
8
√

2iGV c2√
3MV F 3(M2

ρ − s)
εµνρσ(k1 + k2 + k3)ρ · k3αk

σ
3 (kν1k

α
2 − kα1 kν2)

=
8
√

2iGV c2√
3MV F 3(M2

ρ − s)
εµνρσ [kν1(kα2 k3α)kρ2k

σ
3 − (kα1 k3α)kν2k

σ
3k

ρ
1 ]

=

[
4
√

2iGV c2√
3MV F 3(M2

ρ − s)
εµνρσk

ν
1k

ρ
2k

σ
3

]
· 2(kα2 k3α + kα1 k3α) = [· · · ] · [2k3(Q− k3)]

= [· · · ] ·
[
Q2 − k2

3 − (Q− k3)2
]

=
4
√

2iGV c2√
3MV F 3(M2

ρ − s)
εµνρσk

ν
1k

ρ
2k

σ
3 (Q2 −m2

η − s)

F η
c (2) =

4
√

6GV c2

3MV F 3(M2
ρ − s)

(Q2 −m2
η − s)

15.3.3 O3
VJP

χ− = u†χu† − uχ†u = −
√

2i

F
(φχ+ χφ)

χ ≡ 2B0(s+ ip) ' 2B0s = M2
π
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O3
VJP = iεµνρσ〈{V µν , fρσ+ }χ−〉

= iεµνρσ

〈 1√
2

 ρ . .
. −ρ .
. . 0

µν

,

(
−2e

3

) 2 0 0
0 −1 0
0 0 −1

 (∂ρA σ − ∂σA ρ)


·−2
√

2iM2
π

F
· 1√

6

 η . .
. η .
. . −2η

〉

=
−8eM2

π√
6F

εµνρσ(∂ρA σ − ∂σA ρ)ρµνη =
−16eM2

π√
6F

εµνρσ∂
ρA σρµνη

T ηµ ≡
〈
π+(k1)π−(k2)η(k3)

∣∣J em
µ eiLQCD

∣∣ 0〉 ≈ 〈π+(k1)π−(k2)η(k3)
∣∣J em

µ · iL3
VJP · iLV

(2)

∣∣ 0〉
=
〈
π+π−η

∣∣− J em
µ ·
−16ec3M

2
π√

6MV F
εµνρσ∂

ρA σρµνη · 2iGV

F 2
ρθϕ∂

θπ+∂ϕπ− |0〉

=
−32iGV c3M

2
πe√

6MV F 3
εµνρσ

〈
π+π−η

∣∣− J em
µ · ∂ρA ση · i

M2
ρ

1

M2
ρ − s[

gµθ g
ν
ϕ(M2

ρ − s) + gµθ (k1 + k2)ν(k1 + k2)ϕ − gµϕ(k1 + k2)ν(k1 + k2)θ − (µ→ ν)] ∂θπ+∂ϕπ− |0〉

=
−32iGV c3M

2
πe√

6MV F 3
εµνρσ

〈
π+π−η

∣∣− J em
µ · ∂ρA ση · i

M2
ρ − s

(∂µπ+∂νπ− − ∂νπ+∂µπ−) |0〉

=
−32iGV c3M

2
πe√

6MV F 3
εµνρσ

〈
π+π−η

∣∣− J em
µ · ∂νA µη

2i

M2
ρ − s

· ∂σπ+∂ρπ− |0〉

=
−32iGV c3M

2
π√

6MV F 3
εµνρσ · (−iQν) · 2i

M2
ρ − s

· ikσ1 ik
ρ
2

=
64GV c3M

2
π√

6MV F 3(M2
ρ − s)

εµνρσ · (k1 + k2 + k3)νkσ1k
ρ
2

=
−64GV c3M

2
π√

6MV F 3(M2
ρ − s)

εµνρσk
ν
1k

ρ
2k

σ
3

F η
c (3) =

−4
√

6GV

3MV F 3(M2
ρ − s)

· 8c3M
3
π

15.3.4 O4
VJP

O4
VJP = iεµνρσ〈V µν [fρσ− , χ+]〉
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O4
VJP = iεµνρσ〈V µν [fρσ− , χ+]〉

≈ iεµνρσ

〈
V µν ·

[√
2ie

F
(∂σA ρ − ∂ρA σ) [φ,Q] , 2χ

]〉

=

√
2e

F
εµνρσ 〈V µν · [(∂ρA σ − ∂σA ρ)(φQ−Qφ), 2χ]〉

=
2
√

2e

F
εµνρσ〈V µν [(φQ−Qφ), χ]〉(∂ρA σ − ∂σA ρ) = 0

15.3.5 O5
VJP

O5
VJP = εµνρσ〈{∇αV

µν , fρα+ }uσ〉

= εµνρσ

〈∂α 1√
2

 ρ . .
. −ρ .
. . 0


µν

· (−2e

3
)

 2 0 0
0 −1 0
0 0 −1

 (∂ρA α − ∂αA ρ)

 · (−
√

2

F
)∂σφ

〉

=
4e√
6F

εµνρσ(∂ρA α − ∂αA ρ)∂αρ
µν · ∂ση

T ηµ ≡
〈
π+(k1)π−(k2)η(k3)

∣∣J em
µ eiLQCD

∣∣ 0〉 ≈ 〈π+(k1)π−(k2)η(k3)
∣∣J em

µ · iL5
VPPP · iLV

(2)

∣∣ 0〉
=
〈
π+(k1)π−(k2)η(k3)

∣∣− J em
µ ·

4c5e√
6MV F

εµνρσ(∂ρA α − ∂αA ρ)∂αρ
µν∂ση · 2iGV

F 2
ρθϕ∂

θπ+∂ϕπ− |0〉

=
4
√

2iGV c5e√
3MV F 3

εµνρσ
〈
π+π−η

∣∣− J em
µ (∂ρA α − ∂αA ρ)∂ση · ∂α

i

M2
ρ − s

[
gµθ g

ν
ϕ − (µ↔ ν)

]
∂θπ+∂ϕπ− |0〉

=
4
√

2iGV c5e√
3MV F 3

εµνρσ
〈
π+π−η

∣∣− J em
µ (∂ρA α − ∂αA ρ)∂ση · ∂α

2i

M2
ρ − s

∂µπ+∂νπ− |0〉

=
4
√

2iGV c5√
3MV F 3

εµνρσiQ
α · ikρ3 · i(k1 + k2)α

2i

M2
ρ − s

· ikσ1 ikν2

=
−4
√

2iGV c5√
3MV F 3(M2

ρ − s)
εµνρσ(k1 + k2 + k3)αkρ3(k1 + k2)α · 2kσ1kν2

=

[
−4
√

2iGV c5√
3MV F 3(M2

ρ − s)
εµνρσk

ν
1k

ρ
2k

σ
3

]
· [2Qα(k1 + k2)α] = [· · · ] · [2Q(Q− k3)]

= [· · · ] ·
[
Q2 − k2

3 + (Q− k3)2
]

=
−4
√

2iGV c5√
3MV F 3(M2

ρ − s)
εµνρσk

ν
1k

ρ
2k

σ
3 · (Q2 −m2

η + s)

F η
c (5) =

−4
√

6GV c5

3MV F 3(M2
ρ − s)

· (Q2 −m2
η + s)
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15.3.6 O6
VJP

O6
VJP = εµνρσ〈{∇αV

µα, fρσ+ }uν〉

= εµνρσ

〈∂α 1√
2

 ρ . .
. −ρ .
. . 0

µν

, (
−2e

3
)

 2 0 0
0 −1 0
0 0 −1

 (∂ρA σ − ∂σA ρ)

 −
√

2

F
∂νφ

〉

=
2e

3
√

6F
εµνρσ

〈
2∂α

 ρ . .
. −ρ .
. . 0

µν

·

 η . .
. η .
. . −2η

〉 (∂ρA σ − ∂σA ρ)

=
8e√
6F

εµνρσ · ∂αρµα · ∂νη · ∂ρA σ

T ηµ ≡
〈
π+(k1)π−(k2)η(k3)

∣∣J em
µ eiLQCD

∣∣ 0〉 ≈ 〈π+(k1)π−(k2)η(k3)
∣∣J em

µ · iL6
VJP · iLV

(2)

∣∣ 0〉
=
〈
π+π−η

∣∣− J em
µ ·

8e√
6F

εµνρσ∂αρ
µα∂νη∂ρA σ · 2iGV

F 2
ρθϕ∂

θπ+∂ϕπ− |0〉

=
8
√

2iGV c6e√
3MV F 3

εµνρσ
〈
π+π−η

∣∣− J em
µ · ∂ρA σ · ∂νη · ∂αρµα · ρθϕ∂θπ+∂ϕπ− |0〉

=
8
√

2iGV c6e√
3MV F 3

εµνρσ
〈
π+π−η

∣∣− J em
µ · ∂νA µ · ∂ρη · ∂αρσα · ρθϕ∂θπ+∂ϕπ− |0〉

=
8
√

2iGV c6e√
3MV F 3

εµνρσ
〈
π+π−η

∣∣− J em
µ · ∂νA µ∂ρη∂α

i

M2
ρ − s

[
gσθ g

α
ϕ − (σ ↔ α)

]
∂θπ+∂ϕπ− |0〉

=
8
√

2iGV c6√
3MV F 3

εµνρσ · (−iQν) · ikρ3 · i(k1 + k2)α ·
i

M2
ρ − s

(ikσ1 ik
α
2 − ikα1 ikσ2 )

=
8
√

2iGV c6√
3MV F 3(M2

ρ − s)
εµνρσ(k1 + k2 + k3)νkρ3(k1 + k2)α(kσ1k

α
2 − kα1 kσ2 )

=
8
√

2iGV c6√
3MV F 3(M2

ρ − s)
εµνρσ [kν2k

ρ
3k

σ
1k

α
2 (k1 + k2)α − kν1k

ρ
3k

σ
2k

α
1 (k1 + k2)α]

=
8
√

2iGV c6√
3MV F 3(M2

ρ − s)
εµνρσ [kν1k

ρ
2k

σ
3 · kα2 (k1 + k2)α + kν1k

ρ
2k

σ
3 · kα1 (k1 + k2)α]

=
4
√

2iGV c6√
3MV F 3(M2

ρ − s)
εµνρσk

ν
1k

ρ
2k

σ
3 · 2(k1 + k2)α(k1 + k2)α

F η
c (6) =

4
√

6GV

3MV F 3(M2
ρ − s)

· 2c6s

15.3.7 O7
VJP

O7
VJP = εµνρσ〈{∇σV µν , fρα+ }uα〉
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C7

MV

O7
VJP =

C7

MV

εµνρσ〈{∇σV µν , fρα+ }uα〉

≈ C7

MV

εµνρσ

〈
{∂σV µν , 2eQ(∂αA ρ − ∂ρA σ)}

(
−
√

2

F
∂αφ

)〉

=
2
√

2eC7

MV F
εµνρσ〈{∂σV µν , Q} ∂αφ〉(∂ρA σ − ∂αA ρ) = 0

15.4 VVP terms

O1
VVP = εµνρσ〈{V µν , V ρα}∇αu

σ〉 O2
VVP = iεµνρσ〈{V µν , V ρσ}χ−〉

O3
VVP = εµνρσ〈{∇αV

µν , V ρα}uσ〉 O4
VVP = εµνρσ〈{∇σV µν , V ρα}uα〉

LV
(2) =

FV

2
√

2
〈Vµνfµν+ 〉+

iGV√
2
〈Vµνuµuν〉

FV

2
√

2
〈Vµνfµν+ 〉 =

−eFV
2

ρµν(∂
µA ν − ∂νA µ)

iGV√
2
〈Vµνuµuν〉 =

2iGV

F 2
ρµν · ∂µπ+ · ∂νπ−

T ηµ ≡
〈
π+(k1)π−(k2)η(k3)

∣∣J em
µ eiLQCD

∣∣ 0〉 =
〈
π+(k1)π−(k2)η(k3)

∣∣∣J em
µ ei(L

V
(2)

+LVVP)
∣∣∣ 0〉

≈
〈
π+(k1)π−(k2)η(k3)

∣∣∣∣J em
µ

(
1 + i · FV

2
√

2
〈Vµνfµν+ 〉

)
(1 + iLVVP)

(
1 + i · iGV√

2
〈Vµνuµuν〉

)∣∣∣∣ 0〉
=

〈
π+(k1)π−(k2)η(k3)

∣∣∣∣−J em
µ ·

eGV FV
F 2

ρθϕ(∂θA ϕ − ∂ϕA θ) · djOjVVP · ραβ∂
απ+∂βπ−

∣∣∣∣ 0〉
15.4.1 O1

VVP

O1
VVP = εµνρσ〈{V µν , V ρα}∇αu

σ〉

≈ εµνρσ

〈 1√
2

 ρ . .
. −ρ .
. . 0

µν

,
1√
2

 ρ . .
. −ρ .
. . 0

ρα ∂α(
−
√

2

F
)∂σ

1√
6

 η . .
. η .
. . −2η

〉

= − εµνρσ√
3F

(ρµνρρα∂α∂
ση + ρραρµν∂α∂

ση)
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T ηµ =

〈
π+(k1)π−(k2)η(k3)

∣∣∣∣−J em
µ ·

eGV FV
F 2

ρθϕ(∂θA ϕ − ∂ϕA θ) · d1O1
VVP · ραβ∂απ+∂βπ−

∣∣∣∣ 0〉
=
−eGV FV d1√

3F 3
εµνρσ

〈
π±η

∣∣−J em
µ ρθϕ(∂θA ϕ − ∂ϕA θ)(ρµνρρα∂α∂

ση + ρραρµν∂α∂
ση)ρλβ∂

λπ+∂βπ−
∣∣ 0〉

=
−eGV FV d1√

3F 3
εµνρσ

〈
π±η

∣∣− J em
µ · (∂θA ϕ − ∂ϕA θ)∂α∂

ση ·
{

i

M2
ρ −Q2

[
gµθ g

ν
ϕ − (µ↔ ν)

]
·

i

M2
ρ − s

[
gρλg

α
β − (ρ↔ α)

]
+ [µν ↔ ρα]

}
∂λπ+∂βπ− |0〉+ {(θϕ ∼ ρα)(µν ∼ λβ)}

=
−eGV FV d1√

3F 3
εµνρσ

〈
π±η

∣∣− J em
µ · ∂α∂ση ·

{
2i(∂µA ν − ∂νA µ)

M2
ρ −Q2

· i(∂
ρπ+∂απ− − ∂απ+∂ρπ−)

M2
ρ − s

+
2i(∂ρA α − ∂αA ρ)

M2
ρ −Q2

· i(∂
µπ+∂νπ− − ∂νπ+∂µπ−)

M2
ρ − s

}
|0〉+ {(θϕ ∼ ρα)(µν ∼ λβ)}

=
−4GV FV d1eεµνρσ√

3F 3(M2
ρ −Q2)(M2

ρ − s)
〈
π±η

∣∣− J em
µ · ∂α∂ση

[
∂νA µ(∂ρπ+∂απ− − ∂απ+∂ρπ−)

+∂αA µ · ∂νπ+∂ρπ−
]
|0〉+ {(θϕ ∼ ρα)(µν ∼ λβ)}

=
−4GV FV d1εµνρσ√

3F 3(M2
ρ −Q2)(M2

ρ − s)
(ik3αik

σ
3 ) [(−iQν)(ikρ1ik

α
2 − ikα1 ik

ρ
2) + (−iQα)ikν1 ik

ρ
2 ] + {· · · }

=
4iGV FV d1εµνρσ√

3F 3(M2
ρ −Q2)(M2

ρ − s)
k3αk

σ
3 [(k1 + k2 + k3)ν(kρ1k

α
2 − kα1 k

ρ
2) + (k1 + k2 + k3)αkν1k

ρ
2 ] + {· · · }

=
4iGV FV d1εµνρσ√

3F 3(M2
ρ −Q2)(M2

ρ − s)
[k3αk

σ
3 (kν2k

ρ
1k

α
2 − kν1kα1 k

ρ
2) + k3αk

σ
3k

ν
1k

ρ
2Q

α] + {· · · }

=
4iGV FV d1εµνρσ√

3F 3(M2
ρ −Q2)(M2

ρ − s)
kν1k

ρ
2k

σ
3 (Qαk3α − kα1 k3α − kα2 k3α) + {· · · }

=
8
√

3iGV FV d1εµνρσ
3F 3(M2

ρ −Q2)(M2
ρ − s)

kν1k
ρ
2k

σ
3 · kα3 k3α =

8
√

3iGV FV d1εµνρσ
3F 3(M2

ρ −Q2)(M2
ρ − s)

kν1k
ρ
2k

σ
3 ·m2

η

F η
d (1) =

8
√

3GV FV d1m
2
η

3F 3(M2
ρ −Q2)(M2

ρ − s)

15.4.2 O2
VVP

O2
VVP = iεµνρσ〈{V µν , V ρσ}χ−〉

= iεµνρσ

〈 1√
2

 ρ . .
. −ρ .
. . 0

µν

,
1√
2

 ρ . .
. −ρ .
. . 0

ρσ (
−
√

2i

F
)2M2

π ·
1√
6

 η . .
. η .
. . −2η

〉

=
2M2

π√
3F

εµνρσ (ρµνρρση + ρρσρµνη)
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T ηµ =

〈
π+(k1)π−(k2)η(k3)

∣∣∣∣−J em
µ ·

eGV FV
F 2

ρθϕ(∂θA ϕ − ∂ϕA θ) · d2O2
VVP · ραβ∂απ+∂βπ−

∣∣∣∣ 0〉
=

〈
π+π−η

∣∣∣∣−J em
µ ·

eGV FV
F 2

ρθϕ(∂θA ϕ − ∂ϕA θ) · 2d2M
2
π√

3F
εµνρσ (ρµνρρση + ρρσρµνη) · ραβ∂απ+∂βπ−

∣∣∣∣ 0〉
=

2eGV FV d2M
2
π√

3F 3
εµνρσ

〈
π+π−η

∣∣− J em
µ · (∂θA ϕ − ∂ϕA θ)

{
i

M2
ρ −Q2

[
gµθ g

ν
ϕ − (µ↔ ν)

]
·

i

M2
ρ − s

[
gραg

σ
β − (ρ↔ σ)

]
+ [µν ↔ ρσ]

}
η∂απ+∂βπ− |0〉+ {(θϕ ∼ ρσ)(µν ∼ αβ)}

=
2eGV FV d2M

2
π√

3F 3
εµνρσ

〈
π+π−η

∣∣− J em
µ ·

−4i

M2
ρ −Q2

∂νA µ · η · 2i

M2
ρ − s

∂ρπ+∂σπ− × 2 [µν ↔ ρσ]× 2 {· · · }

=
64GV FV d2M

2
π√

3F 3(M2
ρ −Q2)(M2

ρ − s)
εµνρσ(−iQν)ikρ1ik

σ
2 =

64
√

3iGV FV d2M
2
πεµνρσ

3F 3(M2
ρ −Q2)(M2

ρ − s)
kν1k

ρ
2k

σ
3

F η
d (2) =

64
√

3GV FV d2M
2
π

3F 3(M2
ρ −Q2)(M2

ρ − s)

15.4.3 O3
VVP

O3
VVP = εµνρσ〈{∇αV

µν , V ρα}uσ〉

≈ εµνρσ

〈∂α 1√
2

 ρ . .
. −ρ .
. . 0

µν

,
1√
2

 ρ . .
. −ρ .
. . 0

ρα (
−
√

2

F
)∂σ

1√
6

 η . .
. η .
. . −2η

〉

=
−εµνρσ√

3F
(∂αρ

µν · ρρα · ∂ση + ρρα · ∂αρµν · ∂ση)
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T ηµ =

〈
π+(k1)π−(k2)η(k3)

∣∣∣∣−J em
µ ·

eGV FV
F 2

ρθϕ(∂θA ϕ − ∂ϕA θ) · d3O3
VVP · ρλβ∂λπ+∂βπ−

∣∣∣∣ 0〉
=
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π+π−η

∣∣− J em
µ

eGV FV
F 2

ρθϕ(∂θA ϕ − ∂ϕA θ)
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3F
(∂αρ
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µ (∂θA ϕ − ∂ϕA θ) ·
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ν
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·
i(gρλg

α
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ρ
βg

α
λ )

M2
ρ − s

]

+

[
i
(
gρθg

α
ϕ − gρϕgαθ

)
M2

ρ −Q2
· ∂α

i(gµλg
ν
β − g

µ
βg

ν
λ)
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ρ − s

]}
∂ση · ∂λπ+∂βπ− |0〉+ {(µν ∼ λβ)(ρα ∼ θϕ)}

=
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〈
π+π−η
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· (∂α)
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ρ − s

}
∂ση |0〉+ {(µν ∼ λβ)(ρα ∼ θϕ)}

=
4d3eGV FV εµνρσ√

3F 3(M2
ρ −Q2)(M2

ρ − s)
〈
π±η

∣∣J em
µ

[
(∂α)∂νA µ(∂ρπ+∂απ− − ∂απ+∂ρπ−)

+∂αA µ(∂α)∂νπ+∂ρπ−
]
∂ση |0〉+ {· · · }

=
−4d3GV FV εµνρσ√

3F 3(M2
ρ −Q2)(M2

ρ − s)
[(−iQα)(−iQν) · (ikρ1ikα2 − ikα1 ik

ρ
2) + (−iQα)i(k1 + k2)αik

ν
1 ik

ρ
2 ] ikσ3 + {· · · }

=
−4id3GV FV εµνρσ√

3F 3(M2
ρ −Q2)(M2

ρ − s)
(kρ1k

ν
2k

σ
3Qαk

α
2 − kν1k

ρ
2k

σ
3Qαk

α
1 − kν1k

ρ
2k

σ
3Q

α(k1 + k2)α) + {· · · }

=
4id3GV FV εµνρσ√

3F 3(M2
ρ −Q2)(M2

ρ − s)
kν1k

ρ
2k

σ
3 [Qαk

α
1 +Qαk

α
2 + (k1 + k2)αQ

α] + {· · · }

=

[
8id3GV FV εµνρσ√

3F 3(M2
ρ −Q2)(M2

ρ − s)
kν1k

ρ
2k

σ
3

]
· 2Q(k1 + k2) = [· · · ] · 2Q(Q− k3)

= [· · · ] ·
[
Q2 − k2

3 − (Q− k3)2
]

=
8id3GV FV εµνρσ√

3F 3(M2
ρ −Q2)(M2

ρ − s)
kν1k

ρ
2k

σ
3 · (Q2 −m2

η + s)

F η
d (3) =

8
√

3d3GV FV
3F 3(M2

ρ −Q2)(M2
ρ − s)

· (Q2 −m2
η + s)

15.4.4 O4
VVP

O4
VVP = εµνρσ〈{∇σV µν , V ρα}uα〉

≈ εµνρσ

〈
{∂σV µν , V ρα}

(
−
√

2

F
∂αφ

)〉
= 0
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15.5 Brief summary

F η
a =

−NC

12
√

3π2F 3

F η
b =

8
√

6FV
3MV F 3(M2

ρ −Q2)

[
(g1 − g3)(s− 2m2

π) + g2(2s−Q2 +m2
η − 2m2

π) + (2g4 + g5)m2
π

]
F η
c =

−4
√

6GV

3MV F 3(M2
ρ − s)

[
c1(Q2 +m2

η − s)− c2(Q2 −m2
η − s) + 8c3m

2
π + c5(Q2 −m2

η + s)− 2c6s
]

F η
d =

8
√

3GV FV
3F 3(M2

ρ −Q2)(M2
ρ − s)

[
d1m

2
η + 8d2m

2
π + d3(Q2 −m2

η + s)
]

16 Calculations w/ mixing angles

Previously, form factors are calculated without considering mixing angles, which is quite ideal
but not compatible with reality. Indeed, there are three mixing modes that we would take into
account in the following mention, including:
η − η′ mixing,(

η
η′

)
=

(
cos θP − sin θP
sin θP cos θP

)(
η8

η0

)
⇒ η = cos θPη8 − sin θPη0

ρ− ω mixing, (
ρ̄0

ω̄

)
=

(
cos δ sin δ
− sin δ cos θ

)(
ρ0

ω

)
and ω8 − ω0 mixing(

V 8
µ

V 0
µ

)
=

(
cos θV − sin θV
sin θV cos θV

)(
φµ
ωµ

)
⇒

(
φ
ω

)
=

(
cos θV − sin θV
sin θV cos θV

)(
ω8

ω0

)
Therefore, the propagators in the last section should be re-written as

ρ ∼ ρ̄0 = cos δρ0 + sin δ (sin θV ω8 + cos θV ω0)

ω ∼ ω̄ = − sin δρ0 + cos δ (sin θV ω8 + cos θV ω0)

16.1 F η
a

Note: SU(3) is replace by U(3),

Φ→ Φ + η0/
√

3 · 1 =

 η8/
√

6 + η0/
√

3 · ·
· η8/

√
6 + η0/

√
3 ·

· · η0/
√

3− 2η8/
√

6


T ηµ ≡

〈
π+(k1)π−(k2)η(k3)

∣∣J em
µ eiLQCD

∣∣ 0〉 ≈ 〈π+π−η
∣∣J em

µ · iLQCD

∣∣ 0〉
=
〈
π+π− (cos θPη8 − sin θPη0) |· · · | 0

〉
= cos θP

〈
π+π−η8 |· · · | 0

〉
− sin θP

〈
π+π−η0 |· · · | 0

〉
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Previously, we got F η
a = − NC

12
√

3π2F 3 (from η8/
√

6). Thus for η0/
√

3 we have to add a coefficient√
2, then writing the following result:

F η
a = − NC

12
√

3π2F 3
(cos θP −

√
2 sin θP )

16.2 VPPP, F η
b

For VPPP terms, review the form factor without mixing angles at first:

F η
b =

8
√

6FV
3MV F 3(M2

ρ −Q2)

[
(g1 − g3)(s− 2m2

π) + g2(2s−Q2 +m2
η − 2m2

π) + (2g4 + g5)m2
π

]
Herein, other mixing should be taken into consideration apart from the η − η′ one, due to the
propagator ρ. Introduce new parameter:

GRη = (Q2, s) = (g1 + 2g2 − g3)(s− 2m2
π) + g2(−Q2 + 2m2

π +m2
η) + (2g4 + g5)m2

π

as well as the modified FV , for ρ0(770) and ω(782), proportional to pseudo=scalar masses,

FV → FV

(
1 +

8
√

2αVm
2
π

M2
V

)
and that for φ(1020)

FV → FV

(
1 +

8
√

2αV (2m2
K −m2

π)

M2
V

)
Also, we introduce widths of intermediate mesons at the same time. (Breit Wigner formula)

BW [V, x] =
1

M2
V − iΓV (x)MV − x

furthermore, up to around E ∼ 2GeV, we have to include heavier resonances, including ρ(1450)(V ′)
and ρ(1700)(V ′′), with the following substitutions in the form factor

BWR [P, V, x] = BW [V, x] + β′PBW [V ′, x] + β′′PBW [V ′′, x]

where β′ and β′′ are unknown real parameters related to the strength of the coupling of the V ′

and V ′′ multiplets. Thus
1

M2
ρ −Q2

→ BWR

[
η, ρ,Q2

]
T ηµ ≡

〈
π+(k1)π−(k2)η(k3)

∣∣J em
µ eiLQCD

∣∣ 0〉 ≈ 〈π+π−η
∣∣J em

µ · iL1
VPPP · iLV

(2)

∣∣ 0〉
and for the latter LV

(2) = FV
2
√

2
〈Vµνfµν+ 〉+ iGV√

2
〈Vµνuµuν〉 ⊃ FV

2
√

2
〈Vµνfµν+ 〉.

FV

2
√

2

〈
1√
2

 ρ . .
. −ρ .
. . 0


µν

·
(
−2e

3

) 2 0 0
0 −1 0
0 0 −1

 (∂µA ν − ∂νA µ)

〉
= −eFV

2
ρµν(∂

µA ν−∂νA µ)

71



FV

2
√

2

〈
1√
3

 ω0 . .
. ω0 .
. . ω0


µν

·
(
−2e

3

) 2 0 0
0 −1 0
0 0 −1

 (∂µA ν − ∂νA µ)

〉
= 0

FV

2
√

2

〈
1√
6

 ω8 . .
. ω8 .
. . −2ω8


µν

·
(
−2e

3

) 2 0 0
0 −1 0
0 0 −1

 (∂µA ν − ∂νA µ)

〉
= − eFV

2
√

3
(ω8)µν(∂

µA ν−∂νA µ)

However, only ρ0 would survive for VPPP terms. So for the propagator with ρ0 at the beginning

ρ̄0 ∼ cos δρ0 + sin δ sin θV ω8 ω̄ = − sin δρ0 + cos δ sin θV ω8

but in the end
ρ̄0 ∼ cos δρ0 ω̄ ∼ − sin δρ0

Finally, with η − η′ mixing mentioned above, we combine and furnish new form factor for VPPP

F η
b =

8
√

6FV

(
1 + 8

√
2αVm

2
π

M2
V

)
3MV F 3

GRη(Q
2, s)

{
BWR

[
η, ρ,Q2

]
· cos δ(cos δ +

1√
3

sin δ sin θV )

+BWR

[
η, ω,Q2

]
· (− sin δ)(− sin δ +

1√
3

cos δ sin θV )

}
(cos θP −

√
2 sin θP )

16.3 VJP, F η
c

ρη →
[
cos δρ0 + sin δ (sin θV ω8 + cos θV ω0)

]
(cos θPη8 − sin θPη0)

= cos δ cos θP · ρ0η8 − cos δ sin θP · ρ0η0 + sin δ sin θV cos θP · ω8η8

− sin δ sin θV sin θP · ω8η0 + sin δ cos θV cos θP · ω0η8 − sin δ cos θV sin θP · ω0η0

ωη →
[
− sin δρ0 + cos δ (sin θV ω8 + cos θV ω0)

]
(cos θPη8 − sin θPη0)

= − sin δ cos θP · ρ0η8 + sin δ sin θP · ρ0η0 + cos δ sin θV cos θP · ω8η8

− cos δ sin θV sin θP · ω8η0 + cos δ cos θV cos θP · ω0η8 − cos δ cos θV sin θP · ω0η0

Note: only ρ0 could furnish non-zero result for so-called “VPP” vertex

LV
(2) =

FV

2
√

2
〈Vµνfµν+ 〉+

iGV√
2
〈Vµνuµuν〉 ⊃

iGV√
2
〈Vµνuµuν〉

=
iGV√

2

〈
1√
2

 ρ0 . .
. −ρ0 .
. . 0


µν

· 2

F 2
∂µ∂ν

 π+π− . .
. π−π+ .
. . 0

〉

=
2
√

2

F 2
(ρ0)µν∂

µπ+∂νπ−

so only need to add cos δ for ρ propagator or − sin δ for ω propagator.
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16.3.1 VJP 1256

Note for VJP, we focus on {V µν , fρα+ }∇αu
σ, since such a structure often appears ...

O1
VJP = εµνρσ〈{V µν , fρα+ }∇αu

σ〉

≈ 4
√

2e

3F
εµνρσ(∂ρA α − ∂αA ρ)

〈
diag


2ρ0√

2
+ 2ω8√

6
+ 2ω0√

3
ρ0√

2
− ω8√

6
− ω0√

3
2ω8√

6
− ω0√

3


µν

· ∂α∂σdiag


η8√

6
+ η0√

3
η8√

6
+ η0√

3
η0√

3
− 2 η8√

6

〉

=
4
√

2e

3F
εµνρσ(∂ρA α − ∂αA ρ)

(
ρ0η8/

√
3 + 2ρ0η0/

√
6 + ω8η8/3 +

√
2ω8η0/3 +

√
2ω0η8/3 + 2ω0η0/3

+ ρ0η8/2
√

3 + ρ0η0/
√

6− ω8η8/6− ω8η0/3
√

2− ω0η8/3
√

2− ω0η0/3

+
√

2ω8η0/3− 2ω8η8/3− ω0η0/3 +
√

2ω0η8/3
)µν
· · · ∂α∂σ

=
4
√

2e

3F
εµνρσ(∂ρA α − ∂αA ρ)

(√
3

2
(ρ0)µν∂α∂

ση8 +

√
6

2
ρ0η0 −

1

2
ω8η8 +

√
2

2
ω8η0 +

√
2

2
ω0η8

)

# neglect some µν and ∂α∂
σ for convenience.

O2
VJP = εµνρσ〈{V µα, fρσ+ }∇αu

ν〉

=
4
√

2e

3F
εµνρσ(∂ρA σ − ∂σA ρ)

(√
3

2
(ρ0)µα∂α∂

νη8 +

√
6

2
ρ0η0 −

1

2
ω8η8 +

√
2

2
ω8η0 +

√
2

2
ω0η8

)
O5

VJP = εµνρσ〈{∇αV
µν , fρα+ }uσ〉

=
4
√

2e

3F
εµνρσ(∂ρA α − ∂αA ρ)

(√
3

2
∂α(ρ0)µν∂ση8 +

√
6

2
ρ0η0 −

1

2
ω8η8 +

√
2

2
ω8η0 +

√
2

2
ω0η8

)
O6

VJP = εµνρσ〈{∇αV
µα, fρσ+ }uν〉

=
4
√

2e

3F
εµνρσ(∂ρA σ − ∂σA ρ)

(√
3

2
∂α(ρ0)µν∂νη8 +

√
6

2
ρ0η0 −

1

2
ω8η8 +

√
2

2
ω8η0 +

√
2

2
ω0η8

)

Insert ρη mixing angles into the big parentheses for ρ propagator:(√
3

2
(ρ0)η8 +

√
6

2
ρ0η0 −

1

2
ω8η8 +

√
2

2
ω8η0 +

√
2

2
ω0η8

)

→
√

3

2
cos δ cos θP −

√
6

2
cos δ sin θP −

1

2
sin δ sin θV cos θP −

√
2

2
sin δ sin θV sin θP +

√
2

2
sin δ cos θV cos θP

=
{√

3 cos δ(cos θP −
√

2 sin θP ) + sin δ
[√

2 cos θV cos θP −
√

2 sin θV sin θP − sin θV cos θP

]}
/2

=
{√

3 cos δ(cos θP −
√

2 sin θP ) + sin δ
[√

2 cos θV cos θP − sin θV (cos θP +
√

2 sin θP )
]}

/2
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Similarly, for ω as propagator, insert mixing angles by replacing cos δ to − sin δ, and sin δ to cos δ.(√
3

2
(ρ0)η8 +

√
6

2
ρ0η0 −

1

2
ω8η8 +

√
2

2
ω8η0 +

√
2

2
ω0η8

)
→
{
−
√

3 sin δ(cos θP −
√

2 sin θP ) + cos δ
[√

2 cos θV cos θP − sin θV (cos θP +
√

2 sin θP )
]}

/2

Review the case w/o mixing angles

F η
c =

−4
√

6GV

3MV F 3(M2
ρ − s)

[
c1(Q2 +m2

η − s)− c2(Q2 −m2
η − s) + 8c3m

2
π + c5(Q2 −m2

η + s)− 2c6s
]

we follow the substitutions below

1

M2
ρ − s

→ BWR [η, ρ, s]
1

M2
ω − s

→ BWR [η, ω, s]

and introduce

CRη1(Q2, x,m2) = (c1 − c2 + c5)Q2 − (c1 − c2 − c5 + 2c6)x+ (c1 + c2 − c5)m2

By comparing with ideal mixing angles, we re-find the coefficient: (Note two propagators)

F η
c1256 =

−4
√

2GV

3MV F 3
cos δ

{√
3 cos δ(cos θP −

√
2 sin θP ) + sin δ

[√
2 cos θV cos θP

− sin θV (cos θP +
√

2 sin θP )
]}
·BWR [η, ρ, s]CRη1(Q2, s,m2

η)

+
−4
√

2GV

3MV F 3
sin δ

{
−
√

3 sin δ(cos θP −
√

2 sin θP ) + cos δ
[√

2 cos θV cos θP

− sin θV (cos θP +
√

2 sin θP )
]}
·BWR [η, ω, s]CRη1(Q2, s,m2

η)

16.3.2 VJP 3

O3
VJP = iεµνρσ〈{V µν , fρσ+ }χ−〉 = iεµνρσ

〈
{V µν , fρσ+ } · (−

2
√

2i

F
)φχ

〉

=
−8
√

2e

3F
εµνρσ(∂ρA σ − ∂σA ρ)

〈
2ρ0√

2
+ 2ω8√

6
+ 2ω0√

3
ρ0√

2
− ω8√

6
− ω0√

3
2ω8√

6
− ω0√

3


µν

·


η8√

6
+ η0√

3
η8√

6
+ η0√

3
η0√

3
− 2 η8√

6

 ·
 m2

π

m2
π

2m2
K −m2

π

〉

=
−8
√

2e

3F
εµνρσ(∂ρA σ − ∂σA ρ)

[
m2
π

(√
3

2
ρ0η8 +

√
6

2
ρ0η0 +

5

6
ω8η8 −

√
2

6
ω8η0 −

√
2

6
ω0η8 +

2

3
ω0η0

)

+m2
K

(
2
√

2

3
ω8η0 −

4

3
ω8η8 −

2

3
ω0η0 +

2
√

2

3
ω0η8

)]
Note that m2

K is taken into consideration here.

74



Then, insert mixing angles again for ρ propagator[
m2
π (· · · ) +m2

K (· · · )
]

→m2
π

(√
3

2
cos δ cos θP −

√
6

2
cos δ sin θP +

5

6
sin δ sin θV cos θP +

√
2

6
sin δ sin θV sin θP

−
√

2

6
sin δ cos θV cos θP −

2

3
sin δ cos θV sin θP

)

+m2
K

(
−2
√

2

3
sin δ sin θV sin θP −

4

3
sin δ sin θV cos θP +

2

3
sin δ cos θV sin θP +

2
√

2

3
sin δ cos θV cos θP

)

=
m2
π

6

[
3
√

3 cos δ(cos θP −
√

2 sin θP ) + sin δ
(

5 sin θV cos θP − 4 cos θV sin θP −
√

2 cos(θV + θP )
)]

+
m2
K

6
· 4 sin δ

[√
2 cos(θV + θP )− 2 sin θV cos θP + cos θV sin θP

]
= const(A)/6

Similarly, replace cos δ by − sin δ and sin δ by cos θ for ω propagator, and suppose the result as
const(B)/6. Introduce CRη2 = 8c3, we can write

F η
c3 =

−4
√

2GV

9MV F 3
{cos δ · const(A) ·BWR [η, ρ, s]− sin δ · const(B) ·BWR [η, ω, s]}CRη2

16.4 VVP, F η
d

O1
VVP = εµνρσ〈{V µν , V ρα}∇αu

σ〉

=
−2
√

2

F
εµνρσ

〈
ρ0√

2
+ ω8√

6
+ ω0√

3

− ρ0√
2

+ ω8√
6

+ ω0√
3

−2ω8√
6

+ ω0√
3


µν

diag

·


ρ0√

2
+ ω8√

6
+ ω0√

3

− ρ0√
2

+ ω8√
6

+ ω0√
3

−2ω8√
6

+ ω0√
3


ρα

diag

· ∂α∂σ


η8√

6
+ η0√

3
η8√

6
+ η0√

3
η0√

3
− 2 η8√

6


diag

〉

=
−2
√

2

F
εµνρσ × coefficients

with the corresponding coefficients listed below. (left for η8, right for η0)

2\1 ρ0 ω8 ω0

ρ0
√

2√
3

0 0

ω8 0 −
√

2√
3

4√
3

ω0 0 4√
3

0

2\1 ρ0 ω8 ω0

ρ0 2√
3

0 0

ω8 0 2√
3

0

ω0 0 0 2√
3

Also, there would be the same coefficients for O3
VVP = εµνρσ〈{∇αV

µν , V ρα}uσ〉.
However, mass terms would be introduced for O2

VVP = iεµνρσ〈{V µν , V ρσ}χ−〉
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O2
VVP = iεµνρσ〈{V µν , V ρσ}χ−〉

=
−4
√

2i

F
εµνρσ

〈
ρ0√

2
+ ω8√

6
+ ω0√

3

− ρ0√
2

+ ω8√
6

+ ω0√
3

−2ω8√
6

+ ω0√
3


µν

diag

·


ρ0√

2
+ ω8√

6
+ ω0√

3

− ρ0√
2

+ ω8√
6

+ ω0√
3

−2ω8√
6

+ ω0√
3


ρσ

diag

·


η8√

6
+ η0√

3
η8√

6
+ η0√

3
η0√

3
− 2 η8√

6


diag

·

 M2
π 0 0

0 M2
π 0

0 0 2M2
K −M2

π

〉

=
−2
√

2

F
εµνρσ × coefficients

with the corresponding coefficients listed below. (left for η8, right for η0)

2\1 ρ0 ω8 ω0

ρ0
√

2√
3
M2
π 0 0

ω8 0
√

2
3
√

3
(5M2

π − 8M2
K) 4

3
√

3
(4M2

K −M2
π)

ω0 0 4
3
√

3
(4M2

K −M2
π) 4

√
2

3
√

3
(M2

π −M2
K)

2\1 ρ0 ω8 ω0

ρ0 2√
3
M2
π 0 0

ω8 0 2
3
√

3
(4M2

K −M2
π) 8

√
2

3
√

3
(M2

π −M2
K)

ω0 0 8
√

2
3
√

3
(M2

π −M2
K) 2

3
√

3
(M2

π + 2M2
K)

Finally, with the help of Mathematica, we can derive complet form factors with mixing angles.
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